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1 Point Estimation

Problem. From the observed data, choose a plausible value for unknown 6, or ¥(0) for some known 1.

1.1 Consistency

Definition 1.1. A sequence of estimators T,, based on a sample X1,..., X, is said to be consistent of
P(0) if
P
T — 9(0)

for each 6 € ©.
T, is called a,-consistent if a,, (T, — 1(6)) = 0,(1).

Proposition 1.2. If ET,, — ¢(0) and VarT,, — 1(0), then T,, is consistent for 1(0).

1.2 Sufficient statistics and minimal sufficient statistics
Definition 1.3. Let Xq,...,X, g Fp, 6 € O©. A statistic T(X1,...,X,) is sufficient for 8 if the
distribution of X|T =t does not depend on 6 for any ¢.
Example 1. Let X i N(0,1). Let U,y be an orthogonal matrix s.t. the first row is uq = ﬁ(l, cey 1)
If Y =UX, then

Y ~ N(vnbul uy,1).
So Y} = /nX is sufficient; however, Ya,...,Y, N (0,1) contain no information about 6

Theorem 1.4. Let Xy,...,X, b fo, 0 € ©. T(X) is sufficient for 0 if and only if there are non-negative
functions h and g s.t.
folxr,...;xn) = h(x1, ..., 2n)9(T(X);0).

Remark.

e Invariance.

If T is sufficient for 6, and f is one-to-one, then f(7T) is also sufficient.

Example 2. Xq,..., X, %j U(al,eg), 0y > 01, 93' e R.

16, <x; <6
f9(x17"'azn)zn%

= (02— 61)"" - 1(01 < 2(1))L((n) < b2)
= T(X)= (X)), X))
Example 3. X4,..., X, ud U(—0,0), 0 >0. (so (X(1), X)) is sufficient)
ol ea) = [R50
= (20)"" - L(max(—z (1), z(1)) < 0)
= T(X)=max(—Xq), X))

Definition 1.5. T(X) is called minimal sufficient if

a) it is sufficient, and

b) If S(X) is sufficient, Jw s.t. T(X) = w o S(X)



Theorem 1.6. Let A = {(x,y) | Ik(z,y) # 0 s.t. fo(x) = k(z,y)fo(y) VO € O}, and T is sufficient. T
is minimal sufficient if
(z,y) e A = T(z) =T(y).

Remark. Usually, we can follow the recipe below to show the minimal sufficiency of T
1. Show T is sufficient.
2. Check (z,y) € A = T(x) =T (y);
3. orif {x: fo(x) > 0} doesn’t depend on 6, check fo(z)/fo(y) indep. of 0 = T(x) =T (y)

Example 4. X,,..., X, % U(0,—0), 0 > 0. Notice that fo(x) = 07" 1(x(n)<p)-

= T(X)= X(n) is sufficient.
= Taking (z,y) € A, we have, for some k(zx,y) # 0,

e_nl(x(n)<0) = k(.’E, y)e_nl(y(n)<9)
— T(z) =T(y). Thus, T is minimal sufficient.

Example 5. X,..., X, i N(p,1). Obviously, T = " X, is sufficient.

If we assume
jﬁz exp (51307~ #2]) exp (ul(2) ~ T(0))

is indep. of p, we must have T(x) = T(y). By Theorem 1.6, T is minimal.

1.3 Complete statistics
Definition 1.7.
o Let F ={fy| 0 € ©} be a family of pmfs or pdfs. Then F is complete if

Epg(X) = 0V0 — Py(g(X) =0) =1 V0.

e A statistic T is called complete if the induced family of distributions for 7" is complete, i.e.

Eog(T(X)) =0V = Py(g(T(X)) =0) =1 V6.

iid

Example 6. Xi,...,X, ~ Bin(1,p), 0 < p < 1. Consider T'(X) =Y | X;. Then
n
T)=> P(T =
t=0
. n ne
= 4t) (t> pra=p"
t=0
n n D
= >oa) (1) (2
—-p
t=0
is a polynonial in —2. Thus,

E,g(T)=0Vp = ¢(t) (?) =0Vt

It means g(t) =0 for ¢ € {0,...,n}. T is a complete statistic.

Example 7 (not complete). X ~ Bin(n,p), p € {1/4,3/4}, is not a complete family.
Construct g s.t. the definition of compelteness is not satisfied.

n 3n 3n
9(X) = (X - Z)(X - I) T 16



1.4 Ancillary statistics
Definition 1.8. A statistic A is called ancillary if its distribution doesn’t depend on 6.

Remark. Usually, we have two ways to prove something is ancillary:
1. Compute its distribution directly.
2. Check if Py(A(X) € B) is a function of 6.

.. 2
Example 8. X; i Np, 03). o2 known. We know that S? ~ ng_"lxi_l. It doesn’t depend on 6.

Moreover, by the Basu’s theorem, X is independent of S2.

Example 9. Let f be a pdf, and for § € R, set fo(x) = f(x — 6) (location family).
If X; id fo, X; — X are all ancillary for 6. It is because X; — X is location invariant. Let S be location
invariant; that is

S(x) = S(z+c¢),
then we have
Py(S(X) € B) =Pp(S(X —0) € B).
Notice that X — 6 doesn’t depend on 6.

Example 10. Let f be a pdf, and for 6 € R, set fo(z) = §f(%), 6 > 0 (location-scale family).

If X; b 0, then %_ is ancillary for 6. It is because this statistic is location-scale invariant! So we
don’t need to compute its distribution.

We can summarize the two examples above as follow:

f(X -6 Location Family X—-0~f Location Invariant
% f (%) Scale Family % ~ f Scale Invariant

Ly (X;“) Location-Scale Family % ~ f | Location-Scale Invariant

The following theorem sometimes could be used to prove independence.
Theorem 1.9 (Basu). If S is complete and sufficient, S is independent of any ancillary statistics.
Proof. Let A be ancillary and Y = Ey(1(A < a)|S). To show that A is independent of .S, it suffices to

show
Y = Ey(1(A < a).
Clearly, EgY =P(A < a). So E¢(Y —P(A < a)) =0 holds for all 6.
By completeness, Y = P(A < a) almost surely; that is A and S are independent. O

1.5 Unbaised estimation
Definition 1.10. Let Fy be a family of distributions, and ¢ be a function of 6.

e A statisticc T is unbiased for 6 if
EoT = p(0), V0 € O.

e Any function ¢ is called estimable if there always exists an unbiased estimator.
Remark.

e Unbiased estimates may not exist.

e If T is unbiased for 6, q(T) may not be so for g(f).

e Usually, we take ¢ = Idg.



1.6 Uniform minimal variance unbaised estimation (UMVUE)

Definition 1.11. Let U be the set of all unbaised estimators of ¢(6) that have finite variance. T € U is
called uniformly minimum variance unbiaed estimator (UMVUE) of 6 if

VaryT < VaryS, VS €U, Vo€ 0.

Remark. Invariance.

e If T} is the UMVUE for

e Let T}, be a sequence of UMVUEs. If T, L—2> T, then T is also a UMVUE.

Theorem 1.12. Let Uy = {v : Eg(v) = 0 and Varg(v) < oo}. Then T € U is the UMVUE of ©(0) if
and only if BE(Tv) =0 for all 6 and for all v € Uy.

Theorem 1.13 (Rao-Blackwell). Let Fy be a paremetric family of distributions, and h € U an unbiaed
estimator of W(0). If T is sufficient for 0, then E(h|T) € U and

Varg (E(h|T)) < Varg(h), V0€©
with equality if and only if h is a function of T.

Theorem 1.14 (Lehmann-Scheffé). Suppose T is complete and sufficient. If there exists h s.t.
Eo(h) =(0) and Varg(h) < oo,
then Eg(h|T) is the UMVUE for 1.

Remark.

e In Rao-Blackwell, we only require the sufficiency of T'; however, in Lehmann-Scheffé, we require
both of the completeness and sufficiency of T

e By LS, we can follow this recipe to find the UMV UE:

1. Find a complete sufficient statistic 7" and a unbiased estimate h.
2. Compute Eg(h|T).

Example 11. X; i Poisson(\). Obviously, X is complete and sufficient for A € (0, 00).
e Since X; €U, and T = X is complete and sufficient, by LS,
E(X;|X)=X
is the UMVUE for A. (Recall that X;| Y7, X; ~ Bin(nX, ;).)
e Or we can directly choose h = X. Notice that Ey(X) = A, so X is the UMVUE for \.

Example 12. X, % Exp(A). Find the UMVUE of ¢(\) = P5(X71 < 1). A complete sufficient statistic
isT=>",X; And let
B(X) = 1(X; < 1)

be a unbiased estimator for ¢(X). Therefore, the UMVUE of ¢()) is

X; 2 —
:P(nij_*| X :t)
SLE St

X 2

:P(nij_*)

Zilei t
—B(z <)



where Z ~ Beta(l,n — 1). Finally, we get the UMVUE of ¢(\):

1 T<1;

E(h(X)|T) = {1 1Lyt T

Proposition 1.15. If T is complete and sufficient, and Eq(T?) is finite for all 8, then T is minimal
sufficient.
Proof. By LS, T is UMVUE for E¢(T). Let S be any sufficient statistic, and define
h(S) = Ey(T|S).
Obviously, it is unbiased for Eg(T") and satisfies
Varg(h(S)) < Vary(T)
by Rao-Blackwell. However, as T is the UMVUE, by the uniqueness, h(S) = T almost surely; i.e. T is

a function of S. By the definiton, 7" is minimal sufficient. O

1.7 Lower bound for variance in unbiased estimation
Definition 1.16. Let Fg be a parametric familiy of distributions for a RV X.

e The score function is defined as

%1nga(x)~

e The Fisher information is defined as the variance of the score function:

1(0) = Vary (% log fe(:];)).

Remark. If X; % fo, let I,,(0) denote the FI for [] fo(x).

Proposition 1.17 (Properties of Fisher information). Under regularity conditions, we have:
o) 2 ok
o 1(6) = By (108 fo(@))*) = ~Eo( £z log folx))
o [,(0)=nl(0).
Theorem 1.18. If © C R is an open interval and
(i) s =A{x: fo(x) > 0} is indep. of 6
(i) The score exists and is finite for all x € s, 6 € ©.
(iii) 3 Eg(h(x)) for all 6 implies:

0

/h(X)%fg(I) dz = 20 h(z)fo(x) da.

then if T is an unbiased estimator of p(6), and 0 < I(t) < oo,

Varg(1) > EOF

Remark.
e The lower bound is attained if and only if 7'(X) and % log f(X) are perfectly correlated, that is,

T(X) ~ (6) = k(6) g5 o f(X)

for some function k(6).



o If 0 c Rk7
Varg(T(X)) > 4'(0)T1(0) ™ ().

e Suppose 7 = n(0) is strictly monotonic, then

log f,(X)) = Var(-2- - 2 10g fo(x)) = 18) - (222,

0
I(n) = Var( 20

an

and letting 1 (n) = 1(0),

e Note: Scale families with bouded support and U(0, #) don’t satisfy the conditions.

e If a unbiased estimator attains the lower bound of variance, then it is UMV UE!

Example 13. X; Z-lr;flExp()\). Then

1 — x
f,\(l‘) = )\76 B )/Al(X(l) > O).

e Compute the Fisher information for A\
= T(X)=31,X;, Zlogfr(z) =T(X)/A\?—n=nX/)\?—n.

= 1) = Vany(T(X)/2) = end? = .
e Lower bound for variance of )\

— If S(X) is unbiased for A\, VarS(X) > I(% = );l—z = Vary (X).

e Lower bound for variance of ¢(\) = Py (X; < 1)
For )(\) = PA(X; < 1), ¥/ (\) = —e~ /)2

— If $(X) is unbiased for ¥ (\), VarS(X) > W’I’ggf = e~2/A In)2.

Theorem 1.19. Assume 0 — fg is injective, and T is unbiased for ¥(0), and Eg¢(T(X)) < oco. Let

0 €0 and
Sg = {go €O :{x: fo(x) >0} C{z: fo(zx) > O}}\{G}
e [0e) — w(O)?
0) —
Varg(T'(X)) > ;ggg W-

Example 14. X ~ U(0,0). Then Sp = (0,6). And 2X is the UMVUE for § with the variance

2

Var(2X) = 4VarX = %

Notice that £& = (£)-1(0,¢) for p € Sp = (0,6). Then

0 ¥
0P o, (00
0<p<0 Varg[(%) -1(0,¢0)]  0<p<o :2 2 (1-2)
—0)?
= sup 79
0<p<t 4 — 1
92
T

Although 2X is the UMVUE, Var(2X) > &.



1.8 Exponential family: Part I
Definition 1.20. Let {fp} be a family of PDFs with

k
folw) = h(z) exp { 3 QuO)Ty(x) + D(O)}.

Theorem 1.21 (Sufficient and complete statistics). Let Fg = {fg : 0 € O} be a k-parameter exponential
family on R™, where © C R* is an interval and k < n. Then

a) T is sufficient.
b) If the range of (Q1,...,Qx) contains an open set in R¥, T is complete.
The theorem above gives a simple way to find sufficient statistics (see the example below); however,

T may not be complete in general.

Example 15. X; we N(u,02), u € R, 02> 0.
We re-write its pdf as the form of exponential family:

1 & i n;ﬂ n
_ n/2 - 2 Rl A 2
= (2m) exp{ 952 Elwi + = Elxl 552 > log(o )}

Thus, T1(X) = Y1 X;, To(X) = Y1, X2, and (T3, T») is sufficient.
Moreover, we are interested in its completeness. Notice that Q;(u,0?) = £ and Q2 (u,02) = —5oz
The range of @ = (Q1,Q2) is R x R™, and it contains an open set in R%. So 7' is complete.

Example 16. X; Y N(0,62), 0 > 0.

Obviously, (11, T>) is still sufficient for 8, since

fole) = (2m) " exp { STi(2) — 55 To(a) + D(O) }.

However, T is not complete.
Notice that 71 ~ N(nf,n0%?) = E¢TZ(X) = n(n + 1)62. Similarly, E¢T2(X) = 2n6?. So

Ey (2T12(X) —(n+ 1)T2(X)) — 0, V6.

Thus, we can construct g : (t1,t2) + 2t? — (n + 1)t5 that is not identically 0 on R x RF.

1.9 Methods of moment

Definition 1.22. The method of moments estimator of § = h(my,...,my) is
Ty = h(ii, . .., 1)

where 7y, = L Y | XF

Remark. Note: my, :== EX". And my,, .. n, == EX]" ... X5

.....

Example 18. X; ~ N(pu,0%). h(p,0?) <02) <E(X2) _M2>'

The method of moments estimator is

0= (1 x) = (o)



2 Maximum likelihood

2.1 Maximum likelihood estimators (MLE)
Definition 2.1. Let Fg be a family of pmfs/pdfs.

e The likelihood function is

L(0;z) = fo(x), 6€0.

e The log-likelihood is

1(0; x) = log L(6; x).

Remark. Tf X; % f,, then L(0; X) = [T, fo(X;) and 1(0; X) = >0, log fo(X;).

Definition 2.2. If X; i fo and X = x is observed.

0(x) = arg maxycqL(6; ),

if it exists, is called a maximum likelihood estimate of 6.

Remark. By the strict monotonity of log, we have

0(z) = arg maxycgl(; x) = argmaxyeg Z folxs).
i=1

Example 19. X; Poisson(d), © = (0, 00).
Compute its likelihood function:
e(log0)-3" =
H J?,L'!
1(0;z) = (Z x;)log —nf — Z log(x;!)

Compute its partial derivatives:

Lb;z)=e .

a Y _ o
82 El‘i

= _ <

062 R =0

Thus, é(x) = T is the MLE except when & = 0; because when z =10, 0 =0 ¢ ©.
Example 20. X; i U(6;,02).
Compute its likelihood function:

1
L(O;2) =[] fi=0) =[] (02 3 1(01 < z; < 92))
_ {0 0 > x(1) or 0y < Z(n)

1
(03—01)" O0.W.

Notice: when 6 < z(;) and 6 > z(,,),
Therefore, (él, ég) = (Z‘(l), x(n)) is the MLE.

Proposition 2.3. Let T be sufficient for 0 for a family of pdfs/pmfs. If an MLE exists, there is an
MLE such that 0 = g(T).



Proof. Compute its likelihood function:
L(0;x) = fo(x)
(By Thm 1.4.) = h(z)ge(T(x))

Assume 6* maximizes L(;x). It also maximizes w,(0) = go(T(z)).

Define S(z) = {0* € O : go-(T'(x)) = maxg go(T(x))}. (Note: the maxima may not be unique.)

Notice that T'(z) = T'(y) = S(z) = S(y), so we can choose (z) € S(x) such that it is a function
of T'(x). O
2.2 Uniqueness and existence of MLEs

The following example shows: (1) MLE may not be unique. (2) MLE could be a function of T; however,
some MLEs may not be a function of T'.

Example 21. X; LU0 — 1,0 +1).

Compute its likelihood function:
1

1
:27'1($(n)*1§9§x(1)+1)

— any estimator 6(z) € [©(n) — 1,21y + 1] is an MLE. (not unique)
In particular, R
G(x) = a(x(n) — ].) + (1 — a)(x(l) + 1)
for 0 < a < 1is an MLE that is a function of T' = (z(1), (»)); however, so is
sinz(i)(:c(n) -1+ COSQ(i)(x(l) +1),
not a function of 7'

Theorem 2.4.

o FExistence

Suppose | : © — R, © open in R¥, is continuous. If 1(0;x) — —oc as 0 — 0O, then
{0€0:1(9) = ma@xl(@)} # 0.

oe

o FExistence and uniqueness

Suppose X ~ fp, 0 € © C R¥ open set. If 1(0;x) is strictly convave, is continuous, and moreover,
1(0;2) — —c0 as 8 — 0O, then the MLE exists and is unique.
2.3 Exponential family: Part II

Lemma 2.5. Let F,, be a k-parameter exponential family in canonical parameter. The following state-
ments are equivalent:

a) The log-likelihood function l(n;x) is strictly convave
b) A(n) is strictly convex
c) A”(n) = Var(T) > 0 (aka full rank).

Theorem 2.6. Suppose Fo is a k-parameter exponential family with

such that © is open and A”(n) > 0. Let x be the deserved value and to = T(z) € R¥.

10



a) If P (c"T(z) > cTty) > 0 for all ¢ # 0, n € O, then 0 exists, is unique, and satisfies
A'(i(x)) = Epeay (T(x)) = to.
b) If 3c # 0 such that P(cTT(x) > cT'ty) = 0, there is no MLE.

Corollary 2.7. Let Cr be the convex hull of the support of T. Then the MLE exists and is unique if
and only if tg € Cq.

Corollary 2.8. If T has a continuous distribution, the MLE exists and is unique.

Corollary 2.9. Let the exponential family be

folw) = i) exp { Zk: )~ BO)}.

If E¢T; = T; have a solution 0(X) € Q(©)°, it is the unique MLE.
Example 22. X ~ Bin(n,#). Then § = % is the MLE unless X = 0.

Example 23. X; < Gamma( ,B). The MLE exists and is unique.

2.4 Invariance

Theorem 2.10. Let Fy be a family of pdfs/pmfs, 6 € RE. Ifé is an MLE and h : R* — RP with p < k,
then h(0) is an MLE for h(0).

Example 24. X; w N(p,0?), u € R and ¢ > 0. Obviously, i = X and 6% = %Z?Zl(Xi — X)? are
MLEs for y and o2. We may be interested in the MLE of /0. B
Let h: (z,y) — ¥, then h(fi,&) is the MLE for h(u, o). Thus, the MLE for /o is X /6.

2.5 Asymptotic consistency and normality

Theorem 2.11 (Wald). Recall that D(0,0) = Eq, (log fo(x)). Suppose

s (1 Zlog fol@) = D(60,0)) >0,

and for all € > 0,

sup  D(6o,0) < D(6o, bo).
0:10—00|>€

Then we have X
025 6.
0o

Remark. Generally, consistency of 6 can be found in other ways (e.g. continuous mapping theorem,
WLLN).

The following theorem gives a sufficient conditions for a sequence of MLEs 6,, based on a sample

Xi,..., X, ud fo to be asymptotically normal. Let 6y € © be the true parameter.
Theorem 2.12. If the following conditions hold

(A1) The score function v is well-defined and 0 < I(0) < oo;

(A2) aa—:zilz(x;t?) is continuous;

(A3) For some €, g such that Eg,g(X) < oo,

2

sup z;0) < g();

12
10—0g|<c 002

11



and 0, exists, is unique, and is consistent under Hy, then

0 =0y +

1 n
. Ly
nI (o) ;zb(Xz,e) +op(n~12),

and

V(0 —60) 2> N(0.17(60)).

Remark. For suitable h, we can also show AN of h(f) using the delta-method.
Example 25. X; “d Gamma(a, 1). The MLE & is the solution to

nl'(a) " ‘
o) —;bg(&)-

It can only be computed numerically. If we want to do inference for «, since

I(a) = —Ea(%log £ (a)) = F//(g)I‘éO({l); M)

nl(a) (& —a) 2 N(0,1).
Example 26. X; i~ U(0,0). The conditons for AN do not hold. Its MLE is 6 = X(ny- So

n(0 —6) 2 Exp(0).

12



3 Hypothesis Testing

3.1 Introduction to hypothesis testing
Definition 3.1. Let ¢ be a test, and £,(0) = Eg(p(X)).

e The size of a test ¢ is defined as

sup B, (0) = sup Eg(p(X)).
0€Bg 00

e Let ¢ be a test of size a. For any 6 € ©4, the power of ¢ for detecting 8 is

By (0) = Eg(p(X)) = Po(Hp rejected).

Remark. As a function of 6, 3, is called the power function. If ¢(X) = 1(T(X) € C), T is called a test
statistic, and C is called the critical region.

The size is also called the Type I error; it represents the probability that Hy is correct, but we reject
it. The power is also called the Type II error; it represents the probability that Hy is wrong, but we
accept it.

Example 27. X; ud N(p,0%), € po,pa (o < p1), and 0® > 0 known. Ho : o= pio vs Hy @ j1 = iy

Conider a rule p(X) = 1(X > k), for some k, corresponding to the critical region ¢, = {X : X > k}.

Fix its size:
o Vn(k — po)

Bolp0) = Bpo (X > 1) = 1 - (L)) — g
so we take k s.t. M =071l —q) =z1_,; ie
o
k= Y=<l
o + \/521
leading the test
_ 1 X>pu+ F=z1-4
p(X) = { v
0 oW
The power function is given by
. o Vn(po — pa)
Bo(p1) = Py (X > po + %Zl—a) =1- (I)(f +21-a)-

Definition 3.2. Let ®, be all test functions of size < a. Then ¢* € ®, is said to be most powerful
against 0 € O, if
B+ (0) > B,(0) Vo € D,

And ¢* is said to be uniformly most powerful if

Bo+(0) > B,(0) Vo € @y, 0 € O1.

3.2 Neyman-Pearson theory

Theorem 3.3 (Neyman-Pearson). Let Hy: 0 = 6y and Hy : 6 = 01, be simple hypothese. Then

a) any test of the form

1 fi(z) > kfo(z)
p(r) = ¢ y(z) fi(z) = kfo(z) (1)
0 fi(z) < kfo(z)

for k>0 and 0 < v(x) <1 is most powerful for its size.

13



b) Given o € (0,1), there exists a test of the form above with y(x) =~ a constant s.t. ¢ has size .

Proof. This proof is important. Because it gives us a method to construct the most powerful test under
the simple hypothese.
For part (a), let ¢* be a test which size is less than ; that is,

E00<P*(X) < EOO@(X)'
We hope prove Eg, 0*(X) < Eg, o(X). Notice that
Ep, o(X) — Ep,0*(X) < Eg, 9(X) — Ep, 0" (X) — k[Eg,0(X) — Eg, " (X)]

— /D(m)[ﬁ(ﬂc) — kfo(z)] dz

where D := ¢ — ¢*. Let Ag = {f1 <kfo} and A; = {f1 > kfo}. In continuous case,

/ D(z)[f1(z) = kfo(x)] dz = . D(x)[f1(z) = kfo(x)] dz + . D(z)[fi(z) = kfo(x)] dz
0 1
>0
by noticing that D <0 on Ag and D > 0 on A;.
Part (b). Let o € (0,1]. We want to find a test of the form (1) with size o where () is a constant
~. Thus, we have the following equation:

E@o@(X) = Q3

that is,

Pg, (fl(X) > kfo(X)) + 7P, (fl(X) = kfo(X)> =a
Pay (£1(X) < 5o(X)) = 1Pay (f1(X) = ifol(X)) =1 = e

Let \ = }i Go be the CDF of \ under 6y. So we have

Go(k) — APy, (/\(X) - k) ~1-a (2)

Define k = G5 '(1 — o) = inf{k : Go(k) > 1 —a}.
e Case (i). If Gy is continuous at k, let v = 0.

e Case (ii). If Gy is not continuous at k, let v = %.
0

Proposition 3.4. If T is sufficient for X, the NP test is a function of T.
Example 28. X ~ Poisson(\), Hy: A=X=1vs Hi: A=)\ = 2.

e Compute the CDF of %:

. x efxli _ z x
Since Q)E;cg = e’)‘D% = eho Al(%) - 2?7
f1(X) 2% Ink+1
P <k =P (— <k =P, (X< .
() SP =Pl <k =P (X < )
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e Compute k£ and ~:

The formula (2) becomes:

Ink+1 2X
)= P (= k) =1-a.

Py (X <
(X < In2

Ifa:().05,F/\_Ol(l—a):3,sowesetk:§

e’

0.981 — 0.95
=———— =05
0.061
and thus the NP test is
1 >3
o(z) =<0.5 r=3.
0 r <3

The test statistic is X itself, while the p-value is Py (X > x(), where zg is the observed value (since
A1 > )\0)

3.3 Monotone likelihood ratio (MLR) property

Definition 3.5. Let Fg be a family of pdfs/pmfs, where © C R is an interval. We say Fo has the

monotone likelihood ratio (MLR) property in T'(X) if, for 61,05 € O, 6, < 65, ;2223 is an non-decreasing
1

function of T'(X) on {z : fo, (x) # 0 or fp,(x) # 0}.

Example 29. X; i U(0,0), 8 > 0. Let 6; < 62, so for z € R™ such that T(n) < 02,

o (LL') _ (Gi)nl(x(”)<92)

fo(z)  ( 2)”1(33(n) <)
1

0
o 93 ’ 1($(n) < 91)

o
_Ja > aw
o0 9(1) < T(n) < 0

1
01
n
1

= it has the MLR in T'(X) = X(;.

Example 30. X; % N(0,02), 02 > 0. Let 02 < o2.

@) e 11 1

fo'l (x) 0’3 2 O’% 02 i=1 v

so it has the MLR property in T(X) = >, X?

i=1“%1 "

Theorem 3.6.

o If X ~ fy, where {fy: 0 € ©} has the MLR property in T(X), then for Hy: 0 < 0y vs Hy : 6 > 6,
any test of the form

1 T(JZ‘) >t
plx) =49y T()=to
0 T((E) <t

has ,(0) non-decreasing and is UMP for size o = Eqg, (p(X)) if this is non-zero.
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o Also, for any a € (0,1), 3tg € R and v € (0,1) s.t. the above test is UMP of size a.

Example 31. X; i Gamma(a, 1), a > 0. Find a UMP test for Hy : @ > g vs Hy : @ < ap. Note that

1 n
I = I Pl s~ 2w

has the MLR property in T'(z) = Y., log(z;). Therefore, applying the theorem, any test of the form

o 1 T($) < to

is UMP for its size a* = E4, (0(X)).
For a fixed a* € (0,1), let Fy be the CDF of T'(X) under ap, and choose tg = F~!(a*), so that

Eo, (9(X)) = Poy (T(X) < tg) = a™.

3.4 Unbiased tests
Definition 3.7.

o A test ¢ of Hy: 6 € ©g against H; : § € Oy is said to be unbiased at size « if

Bo(0) <a V€O
Bo(6) > a VO €O

e Let U, be the class of all unbiased size « tests.

o If 3p € U, s.t. By(0) > By (0) Vo' € Uy, V8 € O, then ¢ is called a UMP unbiased test.

Definition 3.8.

o A test ¢ is said to be a-similar on ©* C O if

Bo(0) =a VOecOr

o LetA:éoﬂél.

e A test which is UMP over all tests that are a-similar on A is said to be a UMP a-similar test.

Remark. If B,(0) is continuous in 6 for all ¢, then any unbiased size a test ¢ is a-similar on A.

It is easier to find a UMP a-similar test than to find a UMP unbiased test. The following theorem
tells us tests that are UMP «-similar on the boundary are often UMP unbiased.

Theorem 3.9. If B, is continuous in 0 for all ¢. And ¢* is UMP a-similar test on A with size o, then
©* 1s a UMP unbiased test.

3.5 Exponential family: Part III
Theorem 3.10. The 1-parameter exponential family
fo(x) = h(z) exp{Q(0)T'(z) — D(0)}
has the MLR in T if Q) is non-decreasion.
Remark. Depending on the parametrization, @ may be non-increasing. Take Q' = —Q and T = —T.
Example 32. X; % Poisson(A), A > 0. The sufficient statistic is T'(X) = Y i, X;, where Q(\) = log(\)

is increasing.
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Corollary 3.11. Let Fg be a 1-par exponential family. There exists a UMP test of
Hy:0 <0y or6>0p vs Hy : go < 0 < Op1
of the form

1 too < T(x) < to1

o(x) = 97 T(x) = to;
0 T(ZL’) < tgo or T(ZL’) > to1

with to; determined by Eg,, (p(X)) = Egy, (9(X)) = a.

Remark. UMP tests for one-parameter exponential families don’t exist for
e Hy:0=10yvs Hy:0# 0, or
o Hy: 0o <0< 0.

Theorem 3.12. Let Fg be a one-parameter exponential family, so that B, is continuous in 0 for all ¢.
Consider testing

a) Hy:0, <0<0;vs0 <0y orf >0,

b) H029:90 USH1207£00.

Then
1 T(x) <cp orT(x) > co
@a(l‘) =3\ T(:Z?) =¢
0 0.W.

where ¢;,7y; are chosen s.t. Eg, pa(X) = Eg,00(X) = a, is a UMP unbiased size a test, and

1 T(x) <dy or T(x) > do
ev(T) = Vi T(x) =d;
0 0.w.

where d;,y; are chosen s.t. Eg,op(X) = a and Eg,(T(X)pp(X)) = aEg,(T(X)), is a UMP unbiased
size o test.

3.6 Generalized likelihood ratio tests (GLRT)
Definition 3.13. For testing Hy : 0 € ©g vs Hy : 8 € ©1, we could use the likelihood ratio

Supgce, fo(*)
supgee, fo(7)

r(z) =

and reject Hy if r(x) is large.

Definition 3.14. The generalized likelihood ratio is

Supgco, fo(¥)
SUPgeco fo(z)

Az) =

and a test that rejects Hy if A(z) < c is a generalized likelihood ratio test (GLRT).

Remark. We choose c such that supycg, Po(A(z) > ¢) = a.
Proposition 3.15.
a) r(x) >k < Az) < c for some ¢ = c(k).

b) If T is sufficient, then X can be writen as the function of T.
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Proposition 3.16.
a) The NP tests are GLRT's.
b) MLR one-sided tests are GLRT's.

Example 33. X; Z}\(Zl]\f(p, 1). Hy: p=0vs Hy : p#0. Then

(@) = {1 ] > /n21—a

0 0.W.

is UMPU. Now, compute the GLR,
Az) = exp(—%ﬁ) <c

< |Z| > ¢, so an a-level GLRT is UMPU.
Example 34. X; ud fo.a, fo.a= %e‘ﬁl(x >a). Hy:0=1vs Hy : 0 # 1.
Compute the MLEs:

. 1y
a=Xa), *ZX Xm)-

3

Then the GLR is

exp(— >, (2 —z())) 4 ;
el =0"exp(—n(f +1));
g% i—1(Ti — z(1))

AMz) =

and the GLRT rejects Hy if and only if 6 < ¢ or > cs. Note that, under Hy, the distribution of 6 is
independent of a.

Definition 3.17. A test function ¢ is said to have asymptotic size « if

limsup sup B,(0) < a.
n [ASISH)

Theorem 3.18 (Wilk). Under the regularity conditions, if Hy : 6 = 0y, 0, is the MLE for 6 € © C RF,

and X; i fo. Then
—2log M(z) 2 X3,

3.7 Other large sample tests
Definition 3.19. Begin again with
H029:90 H1:07é00.

e Rao score test

Ry =t (60)" I (60)tn (60)
where $a(6) = 1 S, 9(1:6).

e Wald test R R
Wy =n(0, —00)T1(00) (0, — 6o)

where 6, is the general MLE.

Proposition 3.20. a) R, R X% as n — 00.

w2
b) W"ij’f as n — 0.

c) W, = —2log M(z) + 0,(1).
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4 Decision Theory and Bayes Methods

4.1 Basic Setting: Bayes methods and decision theory
Definition 4.1. Let X ~ fy = f(0]z).

e A prior distribution 7 is a probability distribution of ©.

e The posterior distribution for 0 is

_ f(Blz)m(0)
m(0)z) = o)
or 7(0|z) o< f(O)z)w(6).

e Let Fo be a class of pdfs/pmfs. A family II of prior distributions on © is a conjugate family for
Fo if

m(0)z) € I
for all z and for all = € II.

Example 35. X; (Y N(p,0?). o2 known. u~ N(uo,73).

Compute the posterior distribution:
m(0]x) oc f(Ox)m(6)
- 1
—exp{—fz HSE exp{—f(u—uo)Q}

ocexp{—i[nu ] s~ 2o}
= x5 (%5 + i + g+ 2n)
o< exp 212(M p)?}
= p|X =z~ N(u,77).
Example 36. X; w Bin(m, p). m known.
f(xlp):( )exp{mlog< T nlog(1 - )}

Example 37. X; Z}VGIN(O 0?). 02 known. m(0) < 1. So

n

w(0)z) x f(0|x) x exp{=— Z

x exp{—%(@ —7)?}
= 0|X =z~ N(z,0%/n).

Definition 4.2.
e Model: Fg a space of distributions.

e Action Space: A is the set of valid decisions one can make.

e Loss Function: [ : © x A — R* indicating the loss caused by taking action a € A if § € O is the
true parameter value.

e Decision Rule: 6 : X — A a statistic.

Definition 4.3. Let D be the class of decision rules and [ be a specified loss function. The risk function

of € Dis
R(0,6) = EQ(Z(Q,(S(X))).
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4.2 Bayes rules
Definition 4.4.

e For a given prior m on ©, the Bayes’ risk of § € D is
r(r,6) = E, (R(a,a(X))) —E, (E(l(e,é(X) | 9))).

e A Bayes’ rule 0* satisfies

r(m, ") = 5121%7"(77,5)

for some prior .

e The posterior risk of decision a given X = x and a prior 7 is
ra(alz) = E(l(@, a)| X = 33)

Example 38. Let X ~ Bin(n,p). Find the min-max rule with the form aX + /3. Assume p ~ Beta(a, 8),
the Bayes rule is
X+a

n+a+p

Then compute the risk R(, p):

R(5.p) = B( 5o - L [(@+ B = mp* + (n — 2a(a+ B)p+?].

p)° = (n+a+pB)

Let the risk be a constant (not rely on p) and solve o and S:

_5_Vn
a=0 5

Finally, we find
X+

n++n’

Remark. Note we use the fact that every Bayes rule with constant risk is a min-max rule.
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5 Confidence Estimation

5.1 Confident bounds and confident intervals
Definition 5.1. Begin with a family Fg, © C R.
e For a € (0,1), 8(X) is a lower confident bound (LCB) for § of level 1 — « if

i%fIP’g(Q(X) <0)>1-a.

e For a € (0,1), §(X) is a upper confident bound (UCB) for 6 of level 1 — « if

ilelng(é(X) >0)>1-q.

e (0(X),0(X) is alevel 1 — a confident interval (CI) if

irelfIP’g(Q(x) 0<0(z)>1-a.

Remark. Confident bounds and intervals are not unique.

Example 39. X ~ N(0,0?). ¢ known. (So 2=¢ ~ N(0,1).)
We show: A LCB is §(X) = X — 021_,. Since

X -0
Po(X — 0210 < 0) =1 <zi_a)=1-—a.
o
Similarly, a UCB is §(X) = X + 021_4. Since
X—-0
Po(X + 0214 > 0) = P( <zieg)=1-—a.
-0

And a Clis (X —oz1-2,X +oz1-2).

5.2 Confident sets and uniformly most accuracy (UMA)
Definition 5.2.

e Suppose 0', 6% are level 1 — o lower confident bounds. We say #' is more accurate than 62 if for

any 0 € © and 6 < 0, B ~
Py (60" (X) < 6) < Py(6°(X) < 0).

e Let 6 be a level 1 — a LCB. If for any other level 1 — o LCB 6, 8" is more accurate than 6, then
0" is uniformly most accurate (UMA).

Remark. We try to minimize the false converage rate Py(8(X) < ). The related notions for UCB are
similar.

Definition 5.3.

e A set-valued statistic S : X — 2° is a level 1 — « confident set if

i%fIP’g(S(X) 360)>1—o.

e S* is said to be uniformly most accurate if V0 € ©, 0 # 0, and S another level 1 — « confident set

Py(S*(X) 3 0) < Py(S(X) 2 0).
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5.3 Duality between confident sets and hypothesis tests

In this subsection, we focus on the relationship between the confident sets and hypothesis tests. Usually,
we can construct a level 1 — a confident set using a deterministic size « test; and conversely, if we have
a level 1 — « confident set, we can define a deterministic size « test. The correspondence is described
below

1. For each 6y € ©, assume there is a size a test for Hg : 0 = 0g:

1 X ¢ A(eo),

G A

Recall that if p(z;60p) = 1 means Hy is rejected; that is 6 # 6. Thus, if the observed data X is in
A(fp), it means 0y is closed to the real parameter §. We define

S(X)={0€0:X cAH)}.
2. Let S(X) be alevel 1 — « confident set. For each 6y € ©, define a test for Hy : § = 0y by
o(z;60) = 1(0o ¢ S()).

More generally, we can construct a confident set using a randomized test. Letting u ~ U(0, 1) independent
of Xa set ()5)\0(3:) = 1(50/\0(37) >1- u)

Proposition 5.4. Let ¢ be a size o randomized test, and ¢ defined above.

a) ¢ and ¢ have the same power functions.

b) ¢ and ¢ have the same size.

1
Proof. We only consider the simplest case. Assume ¢ = < v . Then we can compute the Egy(p):
0

Eo(@) =Plo=1P(1 -y>u>0)+[Plp=1)+P(p=7)Pu<1-17)
=Plp=1)+P(p=1)
=Ey(p)

Notice they are always same whenever 6 € ©1 or € Q. O

Theorem 5.5. Let A: 0 — 2% and S(X)={0 € ©: X € A(#)}. Then S(X) is a level 1 — « confident
set if and only if Po(X ¢ A(0)) < a, VO € O.

Example 40. X; ud Poisson(\). Hyp: A= Ag; Hy: A # Ag. Its UMPU test is of form

1 r<cy, T>C
Pxo(@) = i T=cj
0 0.W.

where c; and +y; are chosen to have size . Now, we want to find a level 1 — « confident set for A.
Letting u ~ U(0, 1) independent of X;, set

o = L(prg(z) > 1 —u);

notice that ¢ is a size a deterministic test. Its acceptance region is:

(c1,¢2) min(vy1,v2) > 1—u
A(r) = [e1,c2) y1<1l—u<y

(c1, c2] T2<l—-u<m

[e1, 2] max(y1,72) <1—wu
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Theorem 5.6 (UMP = UMA). Let 0 be a level 1 —a LCB for § € R for which

0 0.w.

p(z;60) = {
is a UMP size a test for Hy : 0 = 0y vs Hy : 0 > 0y, VOy € ©. Then 0 is UMA.

5.4 Unbiased confident sets
Definition 5.7.
e A confident set S(X) of level 1 — « is unbiased if
Py(S(X)260)>1—a V0
Po(S(X)20)<1—a 0#£0

e A level 1 — a confident set S(X) is uniformly most accurate unbiased (UMAU) if it is unbiased
and for any other unbiased level 1 — « confident set S"(X)

Py(S(X) 3 0) <Pp(S'(X)36), V9O, 6#6.

Theorem 5.8 (UMPU = UMPA). For each 0y € O, let A(bp) be the acceptance region of a size «
UMPU test of Hy : 0 =0 vs Hy : 0 # 6y. Then S(X)={0:X € A(0)} is UMAU level 1 — a.
5.5 Pivots
Definition 5.9. Let X ~ fo. A RV T'(X,0) is called a pivot if its distribution is free of 6.
Theorem 5.10. If a set C satisfies P(T'(X,0) € C) > 1 — «, then
S(X)={0€0:T(X,0)eC}
is a level 1 — « confident set.
Example 41. X; i U(0,0 +1). Note X,y — 6 is a pivot. Let
Pla < Xy —0<b)=1-a.

Then we get (X(,) — b, X(n) — a).

5.6 Shortest length confident intervals

Example 42. X; ¢ U(0,0 4+ 1). Let L = b — a such that F(b) — F(a) = 1 — «. First case b > 1 and

ac(0,1). Wesolvel —a™ —1—a and get L =1— a.
Second case b € (0,1) and a < 0. We find L = (1 — )/,
Finally, we need to compare 1 — o'/ and (1 — a)'/™.

5.7 Bayes credible intervals

Definition 5.11. A level 1 — « credible interval is a random set S(X) C © such that
POeSX) | X=2)=1-aq.

Example 43. X; ud Bin(1,p). p ~ Beta(a, 8). B
Compute its posterior: p|X =z ~ Beta(a +nX, 5 +n — nX).
Compute I(z) and u(z) such that

Pli(z) <p<u(z)| X=2)=1-—a.

Then (I(x),u(x)) is a level 1 — « credible interval.
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5.8 Large sample confident intervals
Example 44. X; Y Bin(1, p).

e Option 1

Notice that
Vn(p—p) — N(0,p(1 - p))

where p = X.

By Slusky’s, v/n(p — p)//B(1 = p) = N(0,1).

= p=x+/P(l —p)/nzi_, is asymptotic level 1 — a.
e Option 2

Let g : ¢ — 2arcsin(y/z). Then

Vn(g(p) — g(p)) = N(0,1).

= g(p) £ %zl,a is an asymptotic level 1 — a CI for g(p).

= S(X)={p:l9(p) — 9| < ﬁzl_a} is an asymptotic level 1 — « CI for p.
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