Notes on Financial Modeling

Preliminaries

0.1 Itd’s Integral
e Distribution of fot ©(s)dBs:

[ et~ xo, [

e Distribution of fot B.ds:
¢
1
/ Bgds ~ N(0, = t%).
0 3

Proof. Apply Itd’s formula for ¢ By:

t t
tB; :/ Bsds+/ sdB,.
0 0

t t
/ B.ds = / (t — s)dWs.
0 0

E(/Ot Bgds)* = IE(/Ot(t — 8)dW,)? = /Ot(t — 5)%ds.

Then

Then

O
e Itd’s formula.
e Solution to dX; = uXidt + odB;.
— First, solve dX; = puX;dt:
Xt = C’e’”.
— Itd’s formulas:
dX; = e"dC + petC dt
~—~
Xt
— And use dX; = uX;dt + odB;. We find
0dB, = e*dC
and C' is solvable.
— Finally, we get
t
Xt = O’/ eﬂ(tis)st + Xoe’uit.
0
1 Black-Scholes Model
BASIC SETTING
We consider the following processes under the objective measure P:
dBt = T'Btdt
dSt = OéStdt + O'Sth_Vt (S)

where 7 is a constant; « and o are «(t,S:) and o(¢,S;) respectively.



DERIVE THE ARBITRAGE-FREE PRICE PROCESS

Assume y = ®(Sr) is a contingent claim with the date of maturity 7. We want to find the arbitrage-free
price of x = ®(S).

1. Let II(t) = F(t,S:) denote the price of x at time ¢. Apply It6’s formula:
1
dIl = Fydt + FsdS + §Fssd[5]

1

= F,dt + F, (aSdt + 0 SAW) + = F,, 0> S%dt
S 2 (S)
(S)

= o, II dt + o, 11 dW
where o, = (F; + FsaS + %FSSUQSQ)/H and o, = (Fy05)/IL

2. Form a new relative portfolio for the given two assets S and II, denoted by (us,ur). It means,
Vi-us (t)
t

if we have V' dollars, then we use V' - u, dollars to buy stocks (Note: totally we can buy ~¢

stocks at time ¢) and use rest of our money to buy II. By self-financing,

ds dII
dV = V(uS? + uwf)

=V [usa + ug] dt + V [uso + uro, ] AW

3. Notice that we can always construct a locally risk-less portfolios by choosing (us, u) such that the
equation uso + uro, = 0 holds; so we have

UsT + Uror =0
Us +Ur =1

Solve it.

us = ;7
{ R (1)
Ur =

On—0O
4. Moreover, by the arbitrage-free condition, we must have
Us + U Oy =T

In (1), we have solved us; and u,. And we also have solved a, and o,. Then we obtain the
Black-Sholes equation:

{Ft +rsFy+ 50°s°Fyg —1F =0 (Black-Sholes)

F(T,s) = ®(s)
5. LAST STEP! By Feynman-Kac formula, the solution to the PDE can be represented as
F(t,s) = e TUEY, [®(Xr)]
where X is an It6 diffusion defined by
dX, =rX,du+ o X, dW,, (2)
Xi =s.

Note that W is a Brownian motion under the objective measure P. The only difference between
(2) and (S) is that the drift for S is « rather than r. Applying the Girsanov’s theorem, X can
be explained as the stock price S on a new measure Q. Therefore, we re-write our basic setting
under Q as

dS = rSdt + 0.5dS.
Then we have the following useful formula:

F(t,s) = e "TYEZ [®(S7)] (Price)



Example 1.1 (Pricing European Call option). Now consider the simplest case:

dBt = ’I"Btdt
dSt = OéStdt + O'Sth_Vt

where 7, o, and o are constant.

We want to price an European call option with the underlying stock .S, the maturity time 7', and the
strike price K. Let its arbitrage-free price process bet C(t,s). Let ®(z) = (z — K). We directly use
the formula (Price):

C(t,s) = e "I IER [(Sr — K)T]
=T ER [Sp1{5r > K} -KEX [1{57 > K} }

Part I Part I

Recall that S is a geometric Brownian motion
o2
St = Spexp {(r - ?)(T —t)+o(Wr — Wt)} .
Then we can represent Part I and Part IT using the CDF of the standard normal random variable N (-).

Finally, we find
C(t,s) = e "T=D [seT(Tft)N(dl) — KN(dg)}

where
1 s 1
di = ——— |In — —o?) (T —t
1= %T_t[HK+(T+2U)( )},
d2:d1—0\/T—t.

This result is also known as Black-Scholes formula.

Theorem 1.2 (Put-Call parity). Let P(T,K) and C(T, K) be the price of an European put option and
call option at time 0 respectively with underlying asset S, maturity T, and strike K. Then

P(T,K)=Ke "9 + C(T,K) — Sp.
Proof. By (Price), we directly have

P(T,K) =EQ [e7" (K — S7)" | So],
C(T,K)=EQ [e"T (St — K)T|So] -

Then let C(T,K) — P(T,K):

P(T,K) - C(T,K) =e "TEQ [(K — Sr)" — (S — K)* | So]
= e "TEQ [K — St | So]
= KeiTT - SO

O

Example 1.3 (Pricing In St). e We want to find the arbitrage free price of ®(S(T')) = In S(T"). We
directly use Theorem 7.8 in the textbook:

I(t) = e M T=YEZ [In S(T)]. (thm?7.8)

e Now we consider the distribution of In S(7") under the risk-neutral measure ). Under the standard
Black-Scholes model,

dSt = MStdt + O'Stth (743—744)



where W is a Brownian motion under the risk-neutral measure @); and we assume S; = s. We know
that S is a geometric Brownian motion; so

0.2
Sp = sexp (w— )T~ 1)+ (W - Wa)

2

lnST:lns+(u—%)(T—t)+U(WT—Wt)
2

EP, (InS7) =Ins + (u— )T — 1)
e We plug it into (thm?7.8):
0.2
1) =70 (s 4 (u = FT - 0).

Example 1.4 (Pricing S?) e We want to find the arbitrage free price of ®(S(T)) = S#(T). We
directly use Theorem 7.8 in the textbook:

1(t) = e MT-YEZ [S%(T)). (thm?7.8)

e Now we consider the distribution of S#(T") under the risk-neutral measure . Under the standard
Black-Scholes model,

dSt = ,LLStdt + O'Stth (743—744)

where W is a Brownian motion under the risk-neutral measure @); and we assume S; = s.. Using
It6’s formula to S?(t):

2
ds? = <u5 + %/3(6 - 1)) SPdt + o BSP dW;.
Obviously, S” is a geometric Brownian motion. We know the expectation of S?(T) is
o2
BR.(5°() = o exp (i + G605~ 1)(T —1)).
e Therefore, we just plug it into the formula (thm?7.8):
o2
1 = s exp (8 - 1)+ 85 - )T 1),

Example 1.5 (Pricing K - 1,4 © St)- e First, the binary option is given by

K Str¢e [Oé,,B]

0 o.w.

®(S57) = {
Then we want to compute
I(t) = e+ VEL, [®(Sr)]. (thm7.8)

e Now we directly compute the expectation of ®S(T) under the risk-neutral measure . Under the
standard Black-Scholes model, we have

7= sexp ((u= )T =0+ o(Wr - W)

where W is a Brownian motion under Q). Obviously, under Q, W — Wy ~ N(0,T —t).



Therefore, we compute its expectation

%ESS[Q(ST)] =Qa<Sr < f]

=Q {lna <lns+ (u— %2)(T— t)y+o(Wr —W;) < ln,@}
In(a/s) - _ T < In(B/s)
=Q |:ma ( ) /U + (WT Wt)/ ma]
= N(B) - N(4)
where N is the cdf of N(0,1), A = 1%?‘77_/2 —(n— ";)\/T —t/o, B= 1;7(?7_/2 —(n— ";)\/T —t/o.
e We plug it into (thm?7.8):

(t) = Ke "= (N(B) — N(A))
where A and B are given above.

Proposition 1.6. Linearity

Note The main idea for Exercise 9.1-9.3 is rewriting the claim as a linear combination of &5, &g and
O i (given by formula (9.2)-(9.4)). Then apply Proposition 9.1 and formula (9.5)-(9.7) on page 126.

Example 1.7. e Notice that
O(S7) =K1{Sr <A} + (K +A—-51)1{A< Spr < K + A}
= K1{Sy < A} + (K + A~ S7) (1{S7 > A} — 1{ST > K + A})
= K1{S7 <A} + K-1{Sr > A} + (A - Sr) - 1{Sr > A} — (K + A - S7) - 1{S7 > K + A}
=K -05(S7) — Pc.a(ST) + Pck+a(ST)
where ®5(z) ;=1 and ®¢ k(z) := (r — K) - 1{z > K} = max[z — K, 0].
e Then by Proposition 9.1:
II(¢t; @) = K - II(t; @) — II(t; Po,i ) + (¢ P k1 4)
(Using formula (9.5)-(9.7)) = K - e "= —¢(t,8(t); K,T) 4+ ¢(c, S(t); A + K, T)
where the standard Black-Scholes model is given by
dS, = rSydu+ oS, dW,,.
Example 1.8. e Notice that
O(St) = (K —S7)1{St < K} + (St — K)1{K < St}
=(K—-8S7r)(1—-1{St > K})+ ®c x
=(K-®p—®5+2%¢ k) (ST)
e Then by Proposition 9.1:
II(¢t; @) = K - II(¢; @) — II(¢; @g) + 210(¢; P i)
=K -e "I — 8(t) + 2¢(t, S(t); K, T).
Example 1.9. e Notice that
®(z) = Bl{z > B} + z1{A <z < B} + A1{z < A}
=Bl{z > B} + ((r — A+ A)1{z > A} — (x — B+ B)1{z > B}) + Al{z < A}
=0 a(x) — Poplx)+ A - Dp(x)
e Then by Proposition 9.1:
H(t; @) = A- U @p) + H(E Pc,a) — H(E Pe.B)
=A-e7 "I 4 e(t,8(t); A, T) — ¢(t, S(t); B, T).



GREEKS

Let P(t,s) be the pricing function for a portfolio based on a single underlying asset. For example, it
could be the price process of an European call option; it means we put all of money in this option. And
we are interested in its sensitivity with respect to the price change of the underlying asset or changes in
the model parameters.

Definition 1.10 (Greeks).

OP
A=
o%2p
=%z
_op
p_(“)T
OP
o=
OP
V=35

Example 1.11 (Greeks for European call option). Let N(-) be the CDF and ¢ be the PDF of standard
normal distribution. Then the corresponding greeks are

A = N(dy)

¢(d1)
soVT —t
p=K(T —t)e "IN (dy)
spld)o
2VT —t
V= sp(d)VT —t

0=- rKe "= N(dy)

where

1 s 1
di = ——— |In — —o\ (T —t
1= o+ (r+50°)( )

dzzdl—(f\/T—t.

Example 1.12 (Greeks for European put option). e By Put-Call parity:

p(t,s) = Ke "TD 4 c(t,s) — s (9.11)
where c(t, s) := c(t, s; K, T).
e Recall that Ap := %—1: where P is the pricing function for some options. We take derivative w.r.t.

s on both sides of the equation (9.11):

0 0
gp—O—i-%c—l
Ap=A,—-1

By Proposition 9.5, we know A, = N(d;). So
A, =N(dy) -1

e For I, all steps are same. We take g—; on both sides of the equation (9.11):

02 92
a52P = gs2¢
r,=r,



©(d1)
—==. So

By Proposition 9.5, we know A, = "

o+

o(dy)

r,= ——F~—.
P soT —t

2 Bonds and Interest Rates

In this section, we will introduce the fixed income market. The simplest example is the zero-coupon
bond; if it pays 1$ at maturity time 7', we want to decide its value at time 0. Assume the interest rate
r is fixed. Then the price of the zero-coupon bond at time ¢ is given by

B(t,T)=e """,
Or it can be written as
dBt = T'Btdt,
B(T,T) =1.

Moreover, we are also interested in the relation between the interest rate and the maturity time 7". Based
on the model above, we can solve r for

1
r(T) = fT_tlogB(t,T) =r;

it is called the yield curve.

EXAMPLES

Example 2.1 (Vasicek model). Assume the rate r for a bond with maturity time T is given by
dry = a(m — ry)dt + odW,
where a, m, and o are constant. Its price at time ¢ is

B(t,T) = EQ (e— Jirads |ft)

e In this example, we want to find the precise representation of B(0, 7). First, we notice that fOT rsds
is a normal distribution. Then we can compute its mean and variance:

T T
REQ / reds| = / E(ry)ds =0
0 0
by Fubini theorem; and

T T T
E® (/ reds)? :/ / Cov(rs,r,,)dsdu
0 0 0
T T 2
:/ / i (e—a(u—s) _ e—a(u+s)) dsdu
0 0 2a

Second, by the moment generating function of Gaussian random variable,

B(0,T) =
e Then we can compute its yield curve.

Y(0,7) = —

log B(0,T
73108 B(0,T)



e Comment on this curve

Example 2.2 (CIR model). Now assume the rate r is defined as
dry = a(m — r)dt + o+/redW.
Then its price at time 0 is also
P(0,T) = EQ [/T rsds]
¢

However, because in this case 7; is chi-square distributed, we cannot write a nice formula for its price.

FORWARD MEASURE

“In finance, a T-forward measure is a pricing measure absolutely continuous with respect

to a risk-neutral measure but rather than using the money market as numeraire, it uses a

bond with maturity T. The use of the forward measure was pioneered by Farshid Jamshidian
(1987), and later used as a means of calculating the price of options on bonds.”

(Forward measure - Wikipedial)

Lemma 2.3. Let (X,Y) be a bi-normal distribution under P*; that is,

2

(X,Y) ~p- Normal(('ux),( ox pUX;’Y>).

Hy POXOy Oy

And assume P < P* with density
dpP e M

dP* - EP*e—2X"

Then the distribution of Y under P is
Y ~p Normal (uy — \poxoy, 032/) .

Proof. For convenience, we use E* to represent EF”. Directly compute the distribution function for ¥
under P as follow:

dpP
Q Q

=E* (Liy<yy - e ) JE* (™)

Obviously, E*(e=*¥X) doesn’t rely on ¢. So it remains to compute E* (1{y§t} . e‘AX).
It is well-known that

g
X|Y ~. N <ux +p(7X(Y — py),0% — pzoi) ;
Y

and it implies that

E*(e=X |Y) :exp{—[ux +p£(y—ﬂy)])\+0'§( [1- 07 2}.

Now we have
E* (Liy<n e ™) =E* [Liy <nE" (e7MY)]

)\2
= E* {1{Y<t} exp{—[ux +pi—j(Y —my)]A+ 0% [1-p7] 2”
1

t /\2 _(y*uy)2
_/ {exp{—[ﬂx—!—pg(y—#Y)])\—Fag( [1—,02]2}' We 203 }dy
oo 2




Take derivative on both sides. The PDF of Y under P is

fy(t) o< exp {_p)\axt} ) exp{—(t;#}
gy oy

(t+ Apoxoy — uy)?
ox expq }
20%
Therefore, the distribution of Y under P is
Y ~p Normal(uy — A\poxoy, o).
O

Example 2.4 (Call option on bonds). Assume a Vasicek model for the short-rate process r under the
pricing measure P*. We would like to price, at time 0, a call option with maturity 7" and strike K on a
zero-coupon bond with maturity 77 > T

e Let its price at time ¢ with maturity T is C(¢,T). Then we directly price the call option at time 0:

C(0,T) = E* [e* Jo" reds(p( 1) — K)+]

R* [67 I rds(p(T,Ty) — K) - 1{P(T, T}) > K}}
E

* [e— Jo reds L p(T, 1) - 1{P(T, TY) > K}} _K.E* [6_ S reds 1 (p(T, Ty > K}}
For convenience we denote

(F1) =E* {e‘ I s p(r, ) - 1{P(T, ) > K}} ,

(F2) =E* [e* Jords P11y > K}] ;

then
C(0,T)=(F1)— K - (F2).

e Compute (F1).
(F1) = E* [e* I3 rds p(T, Ty - 1{P(T, Th) > K}}

e~ fOT rsds

= PO,T)) E* | S
(7 1) P(07T1)

- P(T,Ty) - 1{P(T,T,) > K}]

Let i
dPTl e Jo rsds
= -P(T,Ty).
AP~ — P(0,Ty) (T.1h)

So (F1) can be written as

(F1) = P(0,Ty) - P {P(T,T}) > K}.

It remains to compute PT*{P(T,Ty) > K }.

e Compute (F2). Similarly, let
dPT e~ fOT rsds

apr ~ P(0,T)

then we find
(F2) = E* [e_ o reds 10p(T, Ty) > K}}
e~ Jo Teds
P(0,T)
= P(0,T)-PT{P(T,T1) > K}

= P(0,T)-E*

-H{P(T,Th) > K}]



e Now we find
C0,T)=(F1) - K- (F2)
= P(0,T1)p1 — KP(0,T)p>

where p; and py are given in (3) and (4), respectively.

DEFAULTABLE BONDS

Assume the interest rate is constant. We consider the following approaches to price the zero-coupon

bond at time 0. (Note: when r is not a constant, we change (T — t)r to ftT rsds; and in this case, we
cannot take it out from the expectation.)

Merton’s Approach In this approach, the basic setting is
DEFAULT = {Sr < D}.

In this setting, the price of bonds is

PP, T) =B, [e T 1is,0p)
= e "TOP; [Sr > D]
=e "TIN(dy)

where )

L log(§) (= 3T -1)
? oVT —t

Black-Cox Approach Now we consider the first default time 7
DEFAULT = {ming<;<7 S < D}
In this setting, the price of bonds at time 0 is
PP0,T) =" (N (df) - (%)1_kN (d2)>

where k = 2r/0? and

+log (&) + (7'— %Q)T
oT '

Intensity Based Approach In this setting, we are given the intensity of 1.~ 7). Then the bond
price is

dy =

PP(0,T) = e TR [¢= o7 2]

FORWARD RATE AND YIELD CURVE

In this subsection, we summarize the previous results together.

Forward Rate .
E* {rTe_ Ji ”"Sds\rt}

E* {67 Jr T5d8|1"t}

f(ta T) =

10



Yield Curve
P(0,T) = e YODT

1
Y(0,7) = — log P(0,T)

Yield Spread
PP(0,T) = eV OD+Y 01T

1. PP(O,T
YS(O,T) = TlogP((()T))

A Important Processes

Geometric Brownian Motion

Definition Let S be the solution to
dS; = pSdt 4+ oS dWy;

then S follows a GBM. And S can be represented as

2
Sy = Spexp |(u— %)t—i—aWt .

Properties

ES, = Spett
VarS; = SgeZ”t(egzt -1

Ornstein—Uhlenbeck process

Definition Let r be the solution to
dry = 0(p — r)dt + odWy;

then r follows an O-U process. And r can be represented as

t
re =roe” %+ pu(1l — e %) + a/ e 0t=s)qw,
0

Properties 7 is normal distributed with
o2
Ty~ Normal(u + (y — p)e %, %(1 - e*%t)).

And the covariance is given by

o2
Cov(rs,m¢) = o7 (e_9|t_s| - e_e(t“)) )

B Binomial Tree Approximation

Basic Setting

We model the stock price as
Sn=SoR1... R,

11



where
1 —

. _ *
Rl%}vd{_u p T u—d

U

=d 1-p*
Let n = EJ Define the stock price at time ¢ as

Sy = 161¢I{)1SL5J'

Rescaling

Rescale v and d:
u = eVe
d =e Ve
Then we consider the Taylor expansion near € = 0,

_ 1—eave
b= eaVe 4 g—ave

1 a
Matgve

Limiting
Now we compute the limit distribution of S,,:

g L£]
log = = log R;;
g5 ; g

by the central limit theorem, it is approximated normal distribution. It remains to determine its mean
and variance. Because

CL2€

27

Varlog R; = (log %)2]?*(1 - "),

Elog Rz =

we find

S, a®
log =2 ~ Normal(——t, a’t).
gs, (=5 )

12
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