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Abstract—In reinforcement learning (RL), addressing general-
ization across different environments is essential, especially given
uncertain model perturbations. Our work introduces the Robust
Conservative Policy Iteration (RCPI) algorithm, employing the
distributionally-robust optimization (DRO) framework with the
bilevel optimization algorithm to solve robust Markov Decision
Processes (MDPs). This novel approach ensures monotonic policy
improvement in worst-case scenarios, with theoretical guarantees
of convergence to an optimal policy under mild assumptions,
providing the iteration complexity of (’)(ﬁ}z) and the sample

complexity of 0(6’5) to achieve the e-accuracy in the worst-
case value function. Empirical tests on synthetic environments
demonstrate RCPI’s superiority in deriving resilient and reliable
policies, outperforming traditional strategies.
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IATEX, paper, template, typesetting.

I. INTRODUCTION

EINFORCEMENT learning (RL) plays a pivotal role in

modern machine learning research, particularly in the
domain of training RL agents to perform well in dynamic
environments while maintaining high performance even for the
worst-case scenario [[1]]-[4]]. Many real-world applications are
rooted in the development of this field, such as control [5]],
power system [6], robotics [7] and autonomous driving [8].
This challenge of generalization often encounters a significant
drop in performance due to model discrepancy, a phenomenon
where the training environment does not accurately represent
the deployed environment. The standard approach addressing
this issue is to consider the model uncertainty [9]-[12] - the
variability and unpredictability in the environment’s transition
- and to focus on maximizing the agent’s worst-case perfor-
mance during training.

Modeling such complex training environments necessitates
an extension of the classical Markov Decision Process (MDP)
framework to robust MDPs, the foundation of which has been
extensively studied by [9]], [13]]-[15]. Solving robust MDPs
presents a significantly greater challenge than the standard
scenario, as the optimal policy may not be deterministic,
and solutions heavily depend on environment uncertainty [9].
There has been a surge in research focused on developing algo-
rithms that optimize for the worst-case performance, ensuring
theoretical soundness. [13] demonstrated the feasibility of
solving robust MDPs; however, their proposed value iteration
method requires prior knowledge of the worst-case transitions.
Subsequent studies have developed two common approaches to
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resolve this issue. One is the sample-based method that lever-
ages data from a nominal transition model [16]-[18]. These
approaches aim to learn robust policies without explicitly
computing worst-case scenarios. Another is the model-based
method that estimate the worst-case transition model during
the learning process [19], [20]. These techniques attempt to
solve the inner minimization problem of finding the worst-
case dynamics. Notably, recent work by Kumar et al. [21]]
has shown that for certain uncertainty sets, the worst-case
transition model is a rank-one perturbation of the nominal
model, indicating that the worst-case transition model can
be directly learned from the nominal transition model. This
insight suggests that the two approaches above may be more
closely related than previously thought.

In this context, the policy gradient method emerges as
a promising approach for addressing the challenges posed
by robust MDPs due to their efficiency and ability to di-
rectly optimize decision-making policies. Many algorithms
are proposed with theoretical convergence guarantees, such
as Robust Policy Mirror Descent [16], which adapts mirror
descent to robust MDPs; Double-Loop Robust Policy Gradient
[19], which alternates between policy updates and worst-
case transition estimation; Robust Policy Iteration [22]], which
extends classical policy iteration to the robust setting; and
Monotonic Robust Policy Optimization [23]], which ensures
monotonic improvement under model discrepancies. Despite
these advances, existing work either lacks of a finite-sample
complexity analysis [23] or lacks of the monotonicity of
robust policy improvements [16], [[19], [22], which presents
significant challenges remain in robust RL. The challenge
of establishing finite-sample complexity guarantees based on
the theoretically-guaranteed monotonicity of robust policy
improvements underscore the need for further research to
bridge the gap between theoretical guarantees and practical
applicability. Addressing these open problems requires in-
novative algorithmic approaches that can efficiently navigate
the complex landscape of robust MDPs while maintaining
computational tractability and theoretical soundness.

A. Contributions

Building upon these advancements, we introduce a novel
policy-based algorithm to address the challenges inherent in
solving robust MDPs. By leveraging the strengths of the
distributionally robust optimization (DRO) framework, we
reformulate the problem of solving robust MDPs as a bilevel
optimization problem. This innovative approach enables the
adaptation of existing bilevel optimization algorithms, such
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as [24], to effectively solve robust MDPs. Our contributions
include:

o We propose the Robust Conservative Policy Iteration
(RCPI) algorithm, which extends traditional conservative
policy iteration [25]] by incorporating the DRO framework
to handle environmental uncertainties. Our algorithm
ensures monotonic policy improvement in the worst-
case scenario, akin to the guarantees of the original
conservative policy iteration approach.

o Under some mild assumptions, we demonstrate that
our proposed RCPI algorithm offers theoretical conver-
gence guarantees to an optimal policy for the worst-case
scenario. The iteration complexity of achieving the e-
accuracy in the robust value function is O(12 ), and
the sample complexity is O(e=?).

« We conduct experiments on synthetic environments to
validate our algorithm’s performance empirically. The
results indicate the RCPI algorithm’s superior ability to
find robust policies that perform well across a range of
environments, thereby significantly outperforming tradi-
tional methods in terms of resilience and reliability.

B. Related Work

a) Value-based approaches with model uncertainty: The
value-based method is also an attractive direction of a robust
RL algorithm. [[10] designs the robust Q-learning algorithm
for a certain uncertainty model. To generalize it to a more
general setting, [26]], [27] utilize the technique from the
distributionally-robust optimization (DRO) theory, which leads
to a simple but elegant design of robust Q-learning algorithm
for solving robust MDPs with a much more general uncertainty
set. Their developed technique of combining robust Q-learning
and DRO theory can potentially be generalized to the policy-
based method, which motivates us to design the RCPI method.

b) Policy-based approaches with model uncertainty:
[28] designs the policy gradient method for a specific un-
certainty model. [[16] extends this method by considering the
robust mirror ascent on a more general uncertainty model; by
selecting appropriate Bregman divergence, this result demon-
strates the convergence guarantee of projected policy gradient
[29] and natural policy gradient [30]. The recent work [19]
presents the double-loop robust policy gradient method, which
adapts the project policy gradient method to the scenario of
robust MDPs; the update rule of the policy gradient relies
on estimating the worst-case transition probability, which
can be effectively solved using value-iteration and gradient-
based approaches. Extending this idea, we adopt a bilevel
optimization framework to solve the RCPI algorithm, which
provides a new perspective to analyze and understand robust
RL algorithms.

c) Distributionally Robust Optimization (DRO): The re-
cent development of DRO theory is one of the most crucial
components of our proposed RCPI algorithm. The DRO aims
to solve the optimization problem over a set of data distribution
(usually called the uncertainty set) instead of a single data
distribution [31]-[33]]. The common approach to solve the
DRO problem is to treat the uncertainty set as a constraint of

the data distribution and then re-write it as the dual form [34]].
Recently, [35] has extended this result to a general non-convex
objective function with a theoretical convergence guarantee.
The RL problem inherently contains dynamic and diverse
data distributions, which makes the DRO framework an ideal
choice to characterize such uncertainty.

II. PRELIMINARIES

In this section, we recap mathematical notations and con-
cepts used in this work.

A. Robust reinforcement learning

We mainly focus on the discounted infinite-horizon Markov
Decision Processes (MDP), which is defined as a five-tuple
(S, A, P,r,v), where S and A denote finite state and action
spaces, respectively. The transition probability P(s’|s,a) rep-
resents the probability of transitioning from state s to state
s’ by taking action a. The reward function r : S — [0,1]
assigns rewards for each state. The discounted factor v € (0,1)
quantifies the diminishing value of future rewards.

Instead of considering a single transition probability P, we
are interested in resolving the impact of model uncertainty (or
environment shifting) that is ubiquitous in real-world applica-
tions. Let Py be the nominal transition and ¢ be a divergent
function. Given a threshold ¢ > 0, we define U 4 := {us 4 =
Py(]s,a) = Po([s,a) : max (Po(ls,a), Pu(-ls.a) < c}.

s,aES XA
Then, the uncertainty set is defined as U = X, ,Us 4.

We note that by our definition of uncertainty sét, the uncer-

tainty » and the transition probability P, are interchangeable.

In this sense, we define the value function of the uncertainty
u as the value function of the transition probability P,:

0

VI(s) := E[E Yor(se) | so = s, Py, 7|

t=0

18

vir(se) | so = s],

|

t=0

where we use “7|m, u” to represent the trajectory generated by
P, and 7. The robust value function is the worst-case value
function over all uncertainties; that is

VT(s):= mgn VI (s).

Moreover, we denote the expectation of robust value function
with respect to its initial state distribution po as n(w) :=
Eq1, V7 (s). For simplicity, we assume /i is supported by a
singleton. Similarly, we also define the robust Q-function and
the robust advantage function as

Q" (5,) i= Erpmu] Y 2'r(st) | 50 = 5,00 = al;
=0

E
AW(’S,a) = Qﬂ-(saa) - Vﬂ(s)'
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B. Distributionally robust optimization

The main technique used in our work to develop the robust
RL algorithm is the distributionally robust optimization (DRO)
framework, which seeks to optimize an objective function
under the worst-case scenario from a set of possible probability
distributions. It considers the following optimization problem

ITIrleal_)[( lglelg{l E:I/"\/u[f(ﬂ-7 {L‘)],

where 7 is the parameter we aim to optimize, U/ is the
uncertainty set, and f (7, ) is the objective function, typically
representing the value function to be maximized.

The uncertainty set is usually represented as a soft con-
straint. For the uncertainty set &/ := {u : dy(u, ug) < €}, our
aim turns to solve

max min [E,, [ f(7, )] + Ad(u, uo)],
well ueld

where wuq is called the nominal distribution and A > 0 is the
regularization coefficient. By [35], this unconstrained max-min
optimization problem can be equivalently written as

max E; .y, [)\1/)* (JWH]) + 77] )
,n A

Solving this optimization problem has one advantage which
makes the DRO framework an ideal characterization for robust
RL: we only need to sample from the nominal distribution ug
to obtain a stochastic gradient.

III. THE ROBUST CONSERVATIVE POLICY ITERATION
ALGORITHM

In this section, we introduce the formulation of a robust
conservative policy iteration algorithm. This algorithm repre-
sents a bridge between the distributionally robust optimization
(DRO) and robust reinforcement learning.

A. Derive the robust conservative policy iteration

Updating the policy 7 to 7/, it is crucial to quantify the
performance improvement under the worst-case scenario. This
requirement leads us to establish a robust policy improvement
lemma, described as follows:

Lemma 1. Let n(w) and n(7’) be the expected robust value
function of ™ and 7', respectively. Then

0(r') = n(m) +min Y pra(s) Y ' (als)A™(s,a). (1)

Proof. See Lemma [ Appendix [A] O

This lemma indicates that updating 7 to = has
a non-negative improvement, which suffices to require
Y. (a|s)AT(s,a) = 0. The classical approach considers the
deterministic policy 7'(s) = argmax, A™(s,a), which im-
proves the policy at the state-action pair with a positive robust
advantage value and nonzero visitation probability pr ,(s).
However, as pointed out by [36], it is usually hard to directly
optimize (I) since sampling from p./, would be hard. To
resolve this issue, we adopt the following local approximation

of 1 as used in the TRPO algorithm [36] and the original
conservative policy iteration algorithm [25]:

L.(n') :=n(n) + mgnz pmu(s)ZW’(ab)A”(s, a)

= n(7) + min E(s,a)~p,,u®ﬁu4ﬂ(57 a)

m'(als) 4

A" (s,a).

In this approximation, we replace p,, with p,,, which
ignores the change in visitation measure caused by the policy
update. The following theorem shows that this approximation
is generally accurate when two conditions are satisfied: (i)
the two policies m and =’ are sufficiently closed; (ii) the
corresponding worst-case transition probability of 7 and =’
(that is, v and u) are sufficiently closed.

= 77(77-) + II?ZIII E(S,G)NPw,u,@D‘ﬂ' 7T((Z|S)

Theorem 1. Ler ¢ = max,,|A™(s,a)l,
maxs Dpy (m,7'), and By = maxy s 4| Py — Pyl Denote
the worst-case transition of w is u(w); that is, u(w) =
argmin, V7 (so). Then

Qo ! =

2

i 2
m( wu T 2047r,7r’5u,u’)

2y
— [W(2ai’ﬂl + aﬂ7ﬂl5u7ul)]€.

(') = La(n') = -

Moreover, the equality holds if ™ = 7; that is,

n(m) = Lx(m)
Proof. See Appendix O
Here, a; »» = maxg Dpy (m,7’') quantifies the total vari-

ation distance between policies 7 and 7’ and and S, ., =
maxy s o |[Py—Py | measures the distance between their worst-
case transitions. When m = «’, both distances are vanishing.
The theorem’s inequality establishes a lower bound for the gap
between the robust expected return n(7’) and its local approxi-
mation L, ("), decomposing into penalties for significant dis-
crepancies between two policies max; Dy (m,7') and their
corresponding worst-case transitions (3, ., = maxy s 4 [Py —
P,/|. Therefore, it is guaranteed to have a monotone policy
improvement if we define the policy iteration step as

7' < arg max min Es.a)y~pr..@n [Lm ()

! u

2
Y 2
e (B 20n)

- [g%z@ai,w o e ) €]

where u and v’ are the worst-case uncertainty of 7 and 7/,
respectively. This iteration formula turns the robust policy op-
timization problem into a distributionally robust optimization
(DRO) problem. We can re-write it into its dual-form [35]:

«f Ly (als)  x
1}3’?5( Ets.ay~pm o l)ﬂ/) </\ ( w(als) A™(s,0)
2
BEEEE (5 + 209)
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- [ﬁ(%ﬁ + aﬁ)]e - n)) + 771

where A\ > 0 is the regularization coefficient. To address the
challenge of unknown worst-case uncertainty denoted as u/,
we adopt the bilevel optimization approach as below:

7' (als)

1
(Upper) max E(s,0)~pr.0m [/\1/}* (/\ ( A™(s,a)

7(als)

- (1’_}/:)3 (62 + Qaﬁ)

_ [(13777)2(2042 +aﬁ)]e—7})) "‘77]’ )

(Lower) ' = argmin V™ (s).

The lower-level optimization problem has been widely em-
ployed in the analysis of robust MDPs; moreover, [[19]] shows
that when the uncertainty set is convex, the lower-level prob-
lem is also convex and gives a gradient-based method to
solve this problem. For completeness, we also provide an
alternative proof for this statement in Theorem @ Employing
this convexity, we can apply the primal-dual method given
by [24] to solve this bilevel optimization problem. For more
details, we re-formulate our problem into [24]’s framework
and derive the sample complexity in Section|[D] As a summary,
we obtain the following Algorithm

Algorithm 1 Robust conservative policy iteration (RCPI)
algorithm

Initialize 7
loop
Compute all robust advantage values A™ (s, a)
T < T
Solve 7’ from the constrained bilevel optimization prob-
lem (@)
Ti+1 < T !
if 77(7T7;+1) — 77(7&) < ¢ then
return T;
end if
t—1+1
end loop

B. Properties of the proposed algorithm

In this subsection, we discuss some main properties of our
derived algorithm RCPI.

Theorem 2. Let {m;};=1 2
ated by Algorithm [1]
(i) {n(m:)}i=1,2,... is a non-decreasing sequence.
(ii) Let the algorithm terminate if n(m; 1) —n(m;) < €. Then
the output policy 7w := w; and 7 := 7,1 satisfy

be the sequence policies gener-

yees

n(m*) —n(r) < Cre+ €,

where Cr and & are non-negative constants depending
on T, 7, and T*.

(iii) Suppose all policies are restricted to 115 = {6U + (1 —
d)m : w € A}. Under the same termination condition as
(ii), the output policy of Algorithm || requires at most

11y : -
O(7= ¢) iterations to achieve €/6-accuracy.

Proof. See Appendix [C] O

The first term (i) implies the convergence of Algo-
rithm [I] Since the sequence of expected robust value func-
tions {n(m;)}i=1,2,... associated with the policy dynamics
{mi}i=1,2,... is non-decreasing, the sequence {n(m;)}i=12,..
must be convergent, given that all value functions are bounded
above by ﬁ Nonetheless, this monotonicity alone does
not ensure that lim;_, o, n(m;) equals n(7*). To address this,
item (ii) examines the algorithm’s behavior upon termination,
describing the discrepancy between the output and optimal
policies. Meanwhile, item (iii) provides convergence guaran-
tees and iteration complexity under some mild assumptions.

Discussions on the assumptions: In item (iii), we assume
all policies are restricted to IIs = {6U + (1 — 0)7 : m € A};
it can be replaced with Il so the optimal policy within
this constraint will be an e-approximation of the optimal
policy. Then the termination condition should be adjusted to
n(mir1) —n(m;) < €2, ensuring that the output policy 7 attains
e-accuracy relative to the optimal policy, with a final iteration

complexity of O(ﬁ 5).

Total sample complexity: While the proposition primarily
addresses iteration complexity, it is also crucial to consider
sample complexity, i.e., the amount of data required to
achieve e-accuracy. Utilizing the bilevel optimization algo-
rithm Proximal-PDBO [24] to solve (IZ]), we find that ap-
proximately O(e=3) steps are needed to reach € accuracy.
It implies a total sample complexity of O(e®).

IV. EXPERIMENTS

To validate the effectiveness of our proposed RCPI algo-
rithm (Algorithm [I), we conducted experiments using the
Frozen Lake environment [37]]. This environment provides
a testbed for our robust RL algorithm due to its inherent
uncertainties and potential for catastrophic failures (falling into
holes). The Frozen Lake environment consists of a 4 x 4 grid
where the agent must navigate from the start state (left-top cor-
ner) to a goal state (right-bottom corner) while avoiding holes.
The standard environment features slippery ice, introducing
stochasticity. We further modified this setup to incorporate
additional uncertainty, simulating varying ice conditions that
affect the probability of slipping. Figure |1|illustrates the map
configuration.
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Fig. 1. The map configuration of the Frozen Lake environment [37]. The
agent starts in the top-left corner and aims to reach the bottom-right corner. In
the nominal model, the environment is deterministic: when the agent chooses
a direction, it moves one step in that direction with probability 1. In the
uncertain environment, the agent has a probability p of slipping an additional
step.

We adapted the episodic environment to an infinite-horizon
continuous learning setting by resetting the agent to the start
position upon reaching the goal or falling into a hole. When the
agent arrives the goal, it receives the reward 1; when the agent
falls into a hole, it recieves the reward —1. Our experiments
aimed to evaluate the performance of our proposed RCPI
algorithm (Algorithm [I) in the worst-case environment. More
explicitly, we set the probability of being slippery to be
p = 0.2 and use KL-divergence to define the uncertainty set.
Figure 2] presents the episodic rewards for both the non-robust
policy iteration and our proposed RCPI algorithm.

Moving Average Comparison Evaluation Reward Comparison

Moving Average
L

— TReO.
-100 —— FobustTRPO | ~100

0 20000 40000 60000 80000 100000 oo 02 04 06 08 10
Episode.

Fig. 2. Comparison of episodic rewards. Left: Performance in the nominal
environment. Right: Performance in the worst-case environment.

The left panel of Figure [2] demonstrates that our RCPI
algorithm performs comparably to the non-robust version in
the nominal environment. More importantly, the right panel
illustrates that the policy learned by RCPI exhibits significantly
improved performance in the worst-case environment. These
results underscore the robustness and effectiveness of our
proposed approach in handling environmental uncertainties.

V. CONCLUSION

In this paper, we introduced the RCPI algorithm, a novel
approach to solving robust MDPs that combines conservative
policy iteration with distributionally robust optimization. Our
key contributions include developing RCPI with guaranteed
monotonic policy improvement in worst-case scenarios, pro-
viding theoretical convergence guarantees with an iteration

complexity of O(ﬁ}z) and sample complexity of O(e™®),

and empirically validating its performance in the Frozen
Lake environment. These results demonstrate RCPI’s abil-
ity to learn policies robust to environmental uncertainties,
outperforming non-robust methods in worst-case scenarios.
Our work bridges the gap between theoretical guarantees and
practical applicability in uncertain environments, opening new
avenues for robust RL algorithm development. Future research
directions include extending RCPI to continuous state and
action spaces, integrating function approximation techniques,
exploring multi-agent settings, and conducting more extensive
empirical studies. The RCPI algorithm represents a signifi-
cant advancement in robust reinforcement learning, offering
a promising approach for developing reliable autonomous
systems capable of operating in complex, real-world scenarios
with inherent uncertainties.
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APPENDIX A
USEFUL LEMMAS

In this section, we provide some necessary lemmas used to
prove our main results.

Lemma 2 (Robust Bellman equation). The robust state-action
value function Q™ and the robust state value function V™
satisfy

Q(5:0) =)+ vy 3 PV O
Sor all (s,a) € S x A.
Proof. See Eq.(2.5) in [16]. O]

Lemma 3 (Robust policy improvement lemma). Let n(mw)
and n(n') be the expected robust value function of m and
respectively. Then

n(n') = n(r)

ueU

—min Y pera(s) Y 7 als) () + 7 Y] Puls'ls, )V (s) -

s'eS

“4)

Proof. The robust expected value function 7(7) is defined as
(1) = Egy~po V7 (50); therefore, the improvement from 7 to
7’ is given by

— ESONMOVW(S())

0
= _Eso~uovﬂ(50) + ESONMO muin E‘r\rr/,u[ Z ’Ytr(st)]
t=0

0
= ESO"P‘O — VTF(S()) + muin E‘rlﬂ",u [ Z pytr(St)]
t=0

V”(s)].
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Without loss of generality, we fix a starting state sg. Then
n(m) = V™(sp) can be considered as a real number. Shifting
a constant doesn’t affect the minimization, so we get

n(w") = n(x)

i 0
= muinET‘ﬂ/ﬁu — V™ (s0) [Z ”

( V7 (st41) — VW(SQ)}

= min ETW,H
u

= min Eﬂn/,u
u

Define the shortcut notation

Au(s) :==r(s) +yEy ~P,m,(\s)V (s") = V7(s)
:TS +72Pu,ﬂ" (8)_V7r(3)
s’'eS
— )+ Y S wals)Pulsls, V() — V(s)
s’eS aeA
= 3 wlals)r(s) + 9 Y] Puls'ls, )V (s) = V(s))
acA s'eS

Then we obtain

77(7"/) = 77(77) + min ET\Tr’,u

; u 5f 1
) + mgn 2 Z P, (st = st )Y Au(s)

t=0 s

=n(m) + muinz Pru(8)Au(s).

We expand the shortcut notation A, (s) and get the following
policy improvement equality:

() + 1 3% poa(s) D als) ()
19 Y Puls,a)V(s) - v”(s)].

s'eS

n(r') =

Then the proof is completed. O

Lemma 4. Let n(w) and n(r’) be the expected robust value
function of ™ and 7', respectively.
(i) Let A™(s,a) := Q™(s,a) — V™ (s) be the robust advan-
tage function. Then

n(m') = n(r) = muinzpﬂ’,u(

s) Z 7' (a|s) A (s, a).
' )

(ii) Moreover, if the worst-case uncertainty of the policy 7
is achieved at u*, then

77(71'/) - T](ﬂ-) < (maxp,r/7u* ZZ Aﬂ' S a)
(6)
Proof. (i) First, we derive the lower bound of the right-hand
side of (E[):
/
77(71') Jrglelg{lZPw u Z | )[ (5)

( St +7Est+1~P ,(\s,)V (St+1) Vﬂ(St))Fl

£ 3 Pulsls @)V (s) = V()]
s’eS
)27r’(a|s) min [T(S)

= i /
() + i D prals) 2 i

+79 Y Puls'ls,a)V7(s') — V”(s)].

s'eS
By Lemma 2]
) +7 ) Pu(s|s,a)V(s') - V”(s)]
s'eS
VT (s).

min [
UEUs o

:QW(Sa a) -

is recovers the desired result:

> (m) + min Y pu u(s)
S

n(7") Zw'(a|s)A”(s, a).

(ii) Now we derive the upper bound of the right-hand side
of @). Let the worst-case uncertainty of the policy 7 is

achieved at u*. Then
n(w') = n(m) + gleig}pr,u(S)Zﬂ’(GIS)[r(S)
+ Z P,(s'|s,a)V™(s") — V”(s)]

s'eS
™)+ 2 o (5) 2, (als) | (s)
+7 ), Pu(s/]s,0)V(s) = V7(s)

s’'eS
+Zpﬂ u*

= n(7) + max prs % (s

Z ' (a|s)A™ (s, a)
ZZT( (als)A™ (s, a).

where (i) applies the robust Bellman equation (Lemma

2).
O

Lemma 5. Let
maxg Dry (m, '),

€ = maxeq|A"(s,a)
and By = Mmaxy sq|Pyu(s]s,a) —

O ! =

P, (s'|s,a)|. Then for any policy ©' and any uncertainty
u' el,
'’ ’Yﬂu,u’
H*y (”)A“(”)v”‘oo ST, + 20, €.

Proof. The s-th item of the vector ('qu(W)AZ(:)/ ) is decom-
posed to the distance between two uncertainty v’ and u(7) and
the distance between two policy 7 and 7’ as the following:

|(WValtmy Doy s

s’ a

s’ a

— VPu(a ('], @) <a|s>v7f<s'>]‘
3 [P (s'15,0) = P ()3, @) | als) V(51 |

s’ a

Z [’Y[Pu’(sl|s7 a‘) - -Pu(7r)(8/|s’ a‘) + Pu(fr) (S/|S, a’)]ﬂ—/(a’ls)

) [rPu (s, 00 (als) V(') vpu(ﬂ(swaa>w<a|s>v7f<s’>]‘

V()
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+ 3 [1Puy (515, ) (@)Y () = A Pugr (5], @)l )V ()| = () = n(m) + (La(m) = La(x"),
o where the second equality is implied by the definition of L.
< 75“ w (s'|s, a)7 (a|s)V™(s) a) Bound n(7") —n(w): The proof of this part is adapted
from the perturbation theory proof of [36]. Recall that the
worst-case expected value function 7(7) = rGyr).<p0 =
— Py (8|5, a)m (a|s)V”(s')]‘ Tpu(r),e and (') = 7Gxy 2P0 = TPu(rr)mr-
Gl G_, = Pu7r’ 71-’7Pu7r7r
We bound the second term u(m),m utwyn = VPum), (=)

X [VPuim (1, @ @ls) V(') = Puto (o3 ) <a|s>v7f(s'>c];r(ﬂ)m(Gu(ﬁ) g
u(m 5 i
() = ’YGu(Tr)’w (Pu(ﬂ”)nr’ - Pu(w),ﬂ—)Gu(ﬂ,/)m,

by applying the robust Bellman equation Q7 (s,a) = r(s) + G (n'),m! — Gu(ﬂ).w = 'YGu(w) ™ (Pu(ﬂ’) w = Pu(r) W)GU(W’) s
v 2 Puimy (8']5,a)V7(s").

where we define

X [Pu (55, @) (al )V (') A= AT = Pugy o = Pumy e
o Then we obtain Eq.(47) of the TRPO paper [36]:
_ ! T /
’Ypu(w)(s s, a)m(als)V™ (s )]‘ Gu(ﬂ./)’ﬂ/ = Gu(ﬂ)’ + ’YGU(W AGU(.,T/) e

Also Eq.(48):
Z (7' (als) — m(als)) [Q"(s,a) — r(s)]

a

(7'(als) — m(als)) A" (s, a)

Gu(ﬂ"),ﬂ'/ = Gu(ﬂ'),ﬂ' + ’-YGu(Tr),WA[Gu(ﬂ'),ﬂ' + rYG’u,(TF),ﬂ'AG’LL(TK‘/),?T':I
= Gu(ﬂ'),ﬂ' + ’YGu(ﬂ),ﬂAGu(ﬂ'),rr
+ 72Gu(ﬂ'),ﬂ'AGu(ﬂ'),ﬂ'AGu(ﬂ"),ﬂ"

< Z |7’ (als) — m(als)] max AT (s,a) This leads to
<205 qr€. 77(77—/) - 77(7T) = T<Gu(7r’),7r’ - Gu(Tr),7r>p0
Pluggmg it back, we get = T(PYGU(W),TFAGU(TF),TF
w,u’ 2
|(’7 u(ﬂ)Au - )S| < Zﬁf”‘y + 20[7‘-’71-/6. + GU7WAGU(TF),7I'AGU(7T/),7T')pO
=G AG
It completes the proof. O o 2“(”)’“ u(m),mPO
+7 rGu(ﬂ'),TFAGU(TF),WAGU(TF'),TF/p()?
APPENDIX B Also, the first term rG () xAGy(r),xP0 = VAP u(r)
PROOF OF THEOREMI] b) Upper bound L.(m') — L.(w): We need an upper
Theorem 3. Let ¢ = max,,|A™(s,a)], ar. = boundfor L(n")—Ly(m) that contains the term V™ Ap . ,(x).
maxg Dpy (w,7"), and By = maxy s q | Py — Py|. Denote ) .
the worst-case transition of m is u(m); that is, u(m) = L (7') = Ly(m) = [77(”) +m&n2pﬂ,u(s)2w'(a|s)A (s,a)]
argmin,, V.7 (sg). Then
7 - [n( +mm2pm ZW(GIS)A”(s,a)]
77(71'/) — Lﬂ(ﬂ',) = — m( ?ZMU/ + 2&7‘-771-/['3%“/) a
2,}/ Z Pr u(rr Z T A S Cl)

— [W@aim/ + Oé7r771—//8:u7u/)i|€.

_Zpﬂ‘ u(7r Z (a|s)A“(s,a).

() = L (7). We will investigate each term. By Proposition 2.2 [|16]],

Moreover; the equality holds if ™' = w; that is,

Proof. Recall that P, (s'|s) represents the probability of Z Pru(m) (8 ZW (als) )

moving from the state s to the new state s’ over the policy 7.

It can be written as a S x S matrix. In this sense, we define = pr,u(w) S ZW (als) [7‘ s)+ ml;mZPu(sﬂs, a)V7(s') — Vﬂ(s)]
the matrix G, » = (1—~P, »)~! for any given u and . Also,

we define A“” = Py — Py 5 for any given u, u, 7T pru W) ZW (als [ +ZP“(7T’ |5 a)V™(s ’) — V’T(S)]
Our goal is to jower bound n(m ) — L, (n"). We start from the

following decomposition:

n(,]_r/) B L,-r(Tr,) _ 77(7_(/) o 77(’”) + 7’(’”) o Lﬂ-(’fr/) gpw,u(ﬂ)(S);W(a|5)A”(5,a)
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- Z Pru(r) (8) Z (als) [r(s)

Then the gap between L, (7') and L, (7) becomes

+ Z Pu(‘n’)(sl|sv a)Vw(sl) -

L(7") — L (7)
< 2 Pr,u(r) (S) Z ’7T/(G, 8) 2 Pu(ﬂ") (sl|87 (L)V

—mem Z (als ZPum '|s,a)V(s")
—mew ZZ[
— 7(a]5) Pygmy (5']5, a)]V”( )

= Epﬂ,u(ﬂ') (S) Z [Pu(ﬂ"),ﬂ"(‘s/|8) - Pu(Tr),Tr(S/|S):|VTr(S/)
= VﬂFApﬂ',u(ﬂ)

u(ﬂ")( |S7a)

Now we are back to the original decomposition

1) = La(x') = n(w’) = (x) + n(r) = La(x)
= (0= = n(m)) + (La(m) = Lol

We combine two bounds together.

77(77/) - 77(71-) :VWApﬂ',u(ﬂ')
+ ’VQTGu(ﬂ'),TrAGu('rr),‘n'AGu(Tr/),

< Vﬂ-ApT(,u(ﬂ') .

7w L0,
Ly (77/) — L (m)

Then

N(7') = La(') = 7*rGy(a) r AGuy(r) x AGoy () 2 Po-

Lastly, we decomposite A := AZE:;)’:/ = Pyarynr — Putry
as
A= Pu(ﬂ") T u(ﬂ') Tr’ + Pu(ﬂ'),ﬂ" - Pu('n'),ﬂ'
u(n’),n’ u(m),m
- Au(ﬂ') ud + Au(ﬂ'),
We have

VZTGU(‘A'),WAG (m),m AG (7, ’PO

= 21 Glu(ry [Augﬂ)) AN ]Gu(ﬂ)m
u(n’),n’ u(m),m
x [Au(ﬂ),ﬂ/ + Au(ﬂ'),ﬂ ]Gu(ﬂ'/)aﬂ"po

Now it suffices to bound [v?rGy(r) » AG.y(x) - AG,,
If we have the bound

"yQTGu(ﬂ)JAGu(W)JAGu(W/),,rfpo’ <&
then we automatically obtain the lower bound

y rGu(,r) 7 AG (1), AG (1), 2P0 = —E.
By the Holder’s inequality,

"erGu(ﬂ'),ﬂ'AGu(ﬂ') ,WAG'U,(TK‘,) ' PO |
<[V rGugm w B |Guim) w AGu(wry w0l

V”Te)] bound the

(ﬂ'/),Tr’pO|~

first  term ”'YQTGu(ﬂ')JFAHoc =

HV u(w)AuEﬂ;)m/ , we let v/ = w(n’). Then we directly
apply Lemma [3] andooget
’Yﬁu,u’
H'V (W)A’U.(ﬂ') ‘oo < 1 — 5 +2a7r,7r’€~

The second term can be bounded as

HGu(Tr),‘n'AGu(ﬂ" HGu(ﬂ'),Tr |1 HAul ”Gu(ﬂ"),ﬂ’ 1

1 1
X Al x —— x 1
1-— 1—7

1AL,
(1—7)?

Iy

),wﬂo”l <

< ﬁu,u’ + 20[71’,71‘,
(=P

In summary, we obtain

}WQTGU(‘IT)JTAG’U.(#)

< v ~ <7/6u,u’
I—v

77\'Ac;’u(7'r/),7'r’p0|
5u,u’ + 20577,#’
(1—=79)?

+ 2a,mle> X
That is,

Y TGU(TF

AGU(‘IT) AG w7 PO
72

2
= (1—7)3 ( wur + za”’”'ﬁu’“')
[t
(1—7)?

Lastly, we give the equality condition. When 7
L. () exactly recovers n(m) since

(20z72mr, + aﬂ,ﬂfﬁmu/)]e.

" is set to T,

Lo(w) = () + min Y. pr.u(s) Y n(al) A7(5, )
= () + min Y pru(s) D 7(al)[Q7(5,0) — V7 ()]
= n(ﬂ)’
where the last equality holds because »} m(a|s)Q™(s,a) =
V7(s). O

APPENDIX C
PROOF OF THEOREM

In this section, we provide the proof for Theorem [2} Here
we give its full statement:

Proposition 1. Let {m;}i—1,2,... be the sequence policies
generated by Algorithm [I}
(i) {n(m;)}i=1,2,.. is a non-decreasing sequence.
(ii) Let the algorithm terminate if n(m;+1) —n(m;) < €. Then
the output policy m := m; and 7' := ;1 satisfy

n(m*) —n(r) < Cre+ &,
where Crv 1= min, ming prr () min {%, 1}
R a.ﬂ*(a\s)aﬁo
"’ (als)#0
and € := 3, x (4)5) 20 (7'(als) — 7*(als)) A (s, ).
7' (a|s)=0

(iii) Suppose all policies are restricted to Tl = {6U + (1 —
o) : w € A}. Under the same termination condition as
(ii), the output policy of Algorithm [I| requires at most

1
O(i= LY iterations to achieve €/5-accuracy.
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Proof. (1) First, we recall that Theorem |§| gives

2
no_ N> _ 0 [ p2 / , ,
77(7T ) L7T<7r ) = (1 _ 7)3 ( u,u + 2a7r,7r Bu,u )

2
o

This result leads to our objective function in Algorithm [T}

(202, + aﬁm/b’u,u/)]e. %

’)’2

Mi(ﬂ'l) = Lﬂi (7'(') _ W (627u/ -+ QOéw,Tr/Bu,u/)

[

(1)
We can further show the convergence of this proposed algo-
rithm by adapting the standard argument of the minorization-

maximization (MM) algorithm. By (7)) and the above definition
of M i

(2@72‘.771./ + amﬂ/ﬁwu/)]e.

N(miy1) = Mi(Tig1).

Also, when 7 = T1;, the gap between n(7) and L () is 0 due
to the equality condition given in Theorem [3]

n(mi) = M;(m;).

Then,

n(mip1) — n(m) = Mi(mip1) — Mi(m;).

It leads to the policy iteration step in Algorithm [T} We need
to solve

Ti+1 = argmax [Mi(ﬂ'i-&-l) — Ml(ﬂl)] (8)

The maximization step guarantees {n(m;)};=12,. is a non-
decreasing sequence; moreover, from the theory of MM algo-
rithms, n(7;) converges to n(m) for some 7.

(ii) We let the algorithm terminates if n(m;+1) — n(m;) <.
Then the algorithm outputs the policy # = m; and we set
7' = m;4+1. By the termination condition n(m;+1) — n(m;) <,
we get from Lemma [3]

i Y v u(s) X (als)[ ()

+79 Y Puls'|s,a)V7(s') — VW(S)]<6.
s'eS

That is,

e > (') —n(m)

= muianw/,u(s)
+ Z P,(

s'eS

> (als)|r(s)

(s')s, @)V (s') = V7(s)
@
= min Y pr (s

S

)Zﬂ’(a|s)A”(s, a).
where (i) is by Lemma ] We further decompose this term:

mdnz pﬂ",u(s) Z 71J(a|5)"4ﬂ-(3’ a)

: m'(als)
= ml}nZ P u(S) . Z ™ (als) T
s 7% (a|s)#0
7' (als)#0

(a]s)A™ (s, a)

+ Z m*(als)A™ (s,a) + Z 7' (a|s)A™ (s, a) |.
¥ (als)=0 w*(a|s);é0
7’ (als)=0

Let Crrq = min *(a|g)¢0 ﬂ*((a“s and Cr o = 1. Then we

. 7' (als)#0
obtain

mmZ P 2 (als)A
e 3
s (

*(als)#0
7’ (a|s)#0

7*(a|s)A™ (s, a)

"(s,a)

7*(a|s)A™ (s, a)

- Cﬂl,g( >

¥ (als)=0

+ Y 7r*(a\s)A”(s,a)>

7% (a|s)#0
7' (a]s)=0
- Z m*(als)A™ (s,a) + 2 7' (a|s)A™ (s, a) |.
7* (a|s)#0 ¥ (a|s)#0
7' (a|s)=0 7' (a|s)=0
We denote the last two terms as
E:=— Z 7*(a|s)A™ (s,a) + Z 7’ (als)A™ (s, a)
w* (a]s)#0 ©* (a]s)#0
7’ (als)=0 7' (als)=0

as an error term which indicates the discrepancy between 7’
and 7* on actions that are not covered by «’. We note that
when the policy during the policy iteration algorithm keeps
sufficient exploration ability, there is no uncovered actions; in
this case, the error term is exactly zero. We get

mUmE pw’,u(s) Z 7r’(a|s)A”(s, CL)

<m1n2p7r/ ul l 1 Z 7*(a|s)A™ (s, a)
((a||8))¢0
7/ (a]s)#0

+cﬂ,,2( N w*(als)AT(s,a)
(als)=0
+ ) W*(@\S)A’T(s,a))—k&

w* (a]s)#0
7' (a]s)=0

Then we have:

H%LIHZ Pt u(8) Z ' (als)A™ (s, a)

= HEHZ pfr’,u(s) Z :’:‘(((ji))
> Co[n(7*) — n(m)],

where Cr/ := min, min, pr 4, (s) min{Cr 1,
mary, we obtain,
)Y 7 (als)A" (s, a)
a

> mulnz P, u(s) Z ;T*(((j;))

7*(als)A™ (s, a)

Cr 2}. In sum-

€> minZ Pt (S
u
S

7*(a|s)A™(s,a) + &
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> Cr[n(m*) = n(m)] + €.

Then the proof is completed. O

APPENDIX D
SOLVING THE BILEVEL OPTIMIZATION PROBLEM

In this section, we describe how to solve the bilevel op-
timization problem (2) given in our robust policy iteration
by using existing techniques from Distributionally Robust
Optimization (DRO) and Bilevel Optimization Algorithms.
First, we recap the definition of the uncertainty set; in our
work, we mainly consider the (s, a)-rectangular uncertainty
set defined as

Us,q :={u(]s,a) := P(-|s,a) — Py(-|s,a))
| ¢(P(-|s,a),P0(-|s,a)) < C}

and

U= X

(s,a)eSx.A

Us q.

The robust conservative policy iteration is given by solving
the following DRO problem:

7 uelU

max minE(S,a)Np,r7,L®7r le (71'/) ©)

2

~ oy (P + 2000 B (10)

2
B [ﬁ(2ai,ﬂ-’ + a‘n’,ﬂ"ﬁu,u’)]fl- (11

We need to re-written it as the form of bilevel optimization
problem by applying existing DRO analysis from [35]:

' (als)

1
(Upper) rTrrlla;( E(s,0)~pr.o@n [)\w* ()\ ( A" (s,a)

’72

-Gy (82 + 208)

- [(13777)2(2042 + 045)]6 - 77)) + 77],

(Lower) ' = argmin V™ (s).

m(als)

Assuming we are using the stochastic Proximal-PDBO algo-
rithm given in [24]] to solve this bilevel optimization problem,
the sample complexity of the robust conservative policy itera-
tion (Algorithm 1) is given as e 1% x ™! = ¢72% where e+
is the complexity of solving the bilevel optimization problem
[@) given in Corollary 2, [24] and ¢! is the complexity of the
policy iteration given in Theorem [3]

There are still two components that we aim to clarify in
this section: (1) To directly apply the algorithm given in
[24], we need to justify that the lower-level optimization is
a convex optimization problem, and (2) to re-write the max-
min optimization problem (9) into its duel form by applying
[35], we need to construct the corresponding uncertainty set
for the visitation measure.

A. Convexity of the lower-level optimization problem

First, we describe the convexity of the lower-level prob-
lem in ). In general, the lower-level optimization problem
cannot by strongly convex since there possibly exist multiple
transitions with the same worst-case value function. Though
this property has been pointed out by [19]], we provide an
alternative proof for completeness.

Theorem 4 (Convexity of Lower-Level Problem). Let V[ be
the value function for the given uncertainty w € U and the
policy . Suppose that the initial state is fixed at so. Then for
every policy m, u — V.7 (sg) is convex over U.

Proof. To establish this statement, we first consider that the
constraint of the lower-level problem is based on a convex
and compact uncertainty set /. There is a bijection mapping
from uncertainty u to transition probability P,, given as
P,(:|s,a) = Py(:|s,a) +u(:|s, a), which is linear so preserves
convexity. Now, it suffices to consider the convexity over the
set of transition probability. The objective function of the
problem is expressed as the composition of two mappings,
f:X—X'andg: X+ 1—~X.Since f: X > X!
is convex by [38] and ¢ : X — 1 — ~X is linear; the
composition f o g would also be convex, as the composition
of convex functions preserves convexity. Therefore, given that
the convexity of f is established, it follows that the objective
function P, — (1 — vyP,)"!po is convex in P,, thereby
concluding that u — V. (sg) is convex over U. O

B. Connecting the uncertainty set of transitions to visitation
measures

We recall the definition of the uncertainty set ¢/, which is
the (s, a)-rectangular uncertainty set induced by ¢-divergence;
that is, for a fixed nominal transition P, and a constant ¢ > 0,
the uncertainty set U/ is defined as

U= X
s,aeSxX A
where Uy, = {u(‘|s,a) = P(|s,a) — Py(-|s,a))
d(P(-|s,a), Po(:|s,a)) < c}. Then we show that there exists
a corresponding uncertainty set of the nominal visitation
measure po induced by a i-divergence. Then, to solve the
DRO problem (9)), it suffices to consider the uncertainty set of
visitation measure

us,av

{p:v(p,po) <}

for the upper-level problem in (2). This leads to the dual-form
of DRO problem:

1 /7'(als)
E NSy
1711_1,%( (s,a)~pr, 0@ l)ﬂﬁ ()\ ( 71'((1‘8)

,}/2

— W<ﬁ2 + 2046)
- [(1372)2(2042 +aﬁ)]e—r])> —&-771.

To build the connection between {p : 1(p, po) < ¢’} and the
original uncertainty set I/, we consider the mapping described

A" (s,a)
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as follows. When the policy 7 is given, each uncertainty u €
U corresponds to an occupancy measure p,. We define this
mapping:

A iu— py.
More explicitly, let {sg, s1, - .. } be the trajectory generated by
the policy 7 and the uncertainty u. Then

A (u)(s,a) = Z yim(a|s)Py (s = s|m).
t=0

Note that the mapping A, is not an injection since for two
different u and v/, it is possible that their visitation measures
are the same; that is, A,(u) = A;(u'). We consider the
following construction (P is the nominal transition used to
define the original uncertainty set):

o Ar(U) :={Ar(u):uel}.

o« Ux(0) = {p: dy(p| A (P)) < 6}
Uy (0) is the desired uncertainty set since we can directly
apply the optimization paper. Then we can prove that the
new uncertainty set over the visitation measure has the desired
property:
Proposition 2. The distributionally robust optimization (DRO)
problem over U,

is equivalent to the A-induced DRO problem

i Ee [ f(0;6)].
min max | Ee [f(0;6)]

That is, if u* := argmax,; Ec~,. [f(0;)], then

v* = argmax Ee [ f(6; )] = Ar(u™).
vEA L (U)

Conversely, given v* := argmax,ca ) Ee~o[f(0;6)], for
any u e A (v*),

E¢~py o[ £(0:€)] = max Ee.p, , [f(6;6)]-

Proof. 1t suffices to consider the change of variable.
s Eevp, ,[F(6:€)) = mage [ 7(6:€)dp.u)
O max | 76 dpra(©

Pr €A (U
- f F(0;€)dv(€)

= Eeey f(656).

verf\lizilxl) ¢ f( g)
Here, we replace u with A (u) and the constraint I/ is changed
to its image A, () in the step (i). O

However, the uncertainty set A, (U{) may not have the
desired structure (e.g. convexity). It is much preferred to
consider the uncertainty set of visitation measure induced by
some divergence 1); that is

{P : 1/1(Pa pO) < Cl}v

where po is the visitation measure corresponding to the
nominal transition FP,. In the next theorem, we show that

there exists such corresponding uncertainty set of the nominal
visitation measure py induced by the 1-divergence shares the
same worst-case uncertainty with the A (U).

Theorem 5. Assume  the  mapping —
min,ey (5) Bo~plf(m52)] is uniformly continuous in 6.
Then there exists §* such that

min  E,,[f(m )] =

in Ey~ )]s
in min pLf(m )]

pEA L (U)

that is, solving the robust problem over the extended un-
certainty set U, (0*) is exactly same as the original robust
problem.

Proof. Let Fr(6) = min,eyy, (5) Ee~plf(m; 2)]; it is a contin-
uous function by our assumption. Define

= min F . ;)]

ri= min Be[f(m)]

Then f(0) > 7 and there exists ¢ such that f(&) < 7. There
must exist 6* such that f(6*) = 7 by the continuity of f. [
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